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Abstract 
 
 Deep Inelastic Scattering (DIS) experiments have provided important 
information on the structure of hadrons and ultimately the structure of matter 
and on the nature of interactions between leptons and hadrons, since the 
discovery of partons. Various high energy deep inelastic interactions lead to 
different evolution equations from which we obtain various structure functions 
giving information about the partons i.e. quarks and gluons involved in 
different scattering processes. Actually structure function is a mathematical 
picture of the hadron structure in the high energy region. 
 
 Understanding the behaviour of the structure functions of the nucleon at 
low-x, where x is the Bjorken variable, is interesting both theoretically and 
phenomenologically. Structure functions are important inputs in many high 
energy processes and also important for examination of perturbative quantum 
chromodynamics (PQCD), the underlying dynamics of quarks and gluons. In 
PQCD, for high-Q2, where Q2 is the four momentum transfer in a DIS process, 
the Q2-evolutions of these densities (at fixed-x) are given by mainly Dokshitzer-
Gribov-Lipatov-Altarelli-Parisi (DGLAP) Evolution Equations.  
 
 DGLAP evolution equations can be solved either by numerical 
integration in steps or by taking the moments of the distributions. Among 
various solutions of these equations, most of the methods are numerical. Mellin 
moment space with subsequent inversion, Brute force method, Laguerre 
method, Matrix method etc. are different methods used to solve DGLAP 
evolution equations. The shortcomings common to all are the computer time 
required and decreasing accuracy for x → 0. More precise approach is the matrix 
approach to the solution of the DGLAP evolution equations, but it is also a 
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numerical method. Thus, though numerical solutions are available in the 
literature, the explorations of the possibilities to obtain analytical solutions of 
DGLAP evolution equations are always interesting. Some approximated 
analytical solutions of DGLAP evolution equations suitable at low-x have been 
reported in recent years with considerable phenomenological success. Of these 
methods using Taylor expansion, applying Regge behaviour of structure 
functions, method of characteristics etc. are important. In this connection, 
general solutions of DGLAP evolution equations at high-x, medium-x and low-x 
in leading order and next-to-leading order have already been obtained by using 
Taylor expansion method. The structure functions thus calculated are expected 
to rise approximately with a power of x towards low-x which is supported by 
Regge theory. In this thesis, we solved both spin-independent and spin-
dependent DGLAP evolution equations applying Regge behaviour of structure 
functions at low-x up-to next-next-to-leading order (NNLO) and have got the 
respective approximate analytical solutions of structure functions.  
 
 In Chapter 1, we have presented a brief introduction to the structure of 
matter, deep inelastic scattering, spin-independent DIS cross section and 
structure functions, spin-dependent structure functions, low-x physics, 
evolution equations and about some important research centres and 
experiments.    
 In Chapter 2, we have given the introductory discussion about the Regge 
theory including the complex angular momentum plane and Regge theory in 
DIS. Many models based on Regge theory are able to reproduce hadronic cross-
sections. We have discussed extension of some of the simplest models to the DIS 
amplitudes and shown that Regge theory can be used to describe structure 
functions. In the subsequent Chapters we have considered Regge behaviour of 
structure functions at low-x and have solved both spin-independent and spin-
dependent DGLAP evolution equations to get the both spin-independent and 
spin-dependent deuteron, proton, neutron and gluon structure functions at low-
x. 
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 In Chapter 3, we have presented our solutions of spin-independent 
DGLAP evolution equations for singlet, non-singlet and gluon structure 
functions at low-x in leading order (LO) and also the solution of the coupled 
equations for singlet and gluon structure functions. The t and x-evolutions of 
deuteron, proton and gluon structure functions thus obtained have been 
compared with NMC and E665 data sets and global MRST2001, MRST2004 and 
GRV1998LO gluon parameterizations respectively.  
 
 In Chapter 4, we have presented our solutions of spin-independent 
DGLAP evolution equations for singlet, non-singlet and gluon structure 
functions at low-x in next-to-leading order (NLO). We also solved the coupled 
equations for singlet and gluon structure functions. The t and x-evolutions of 
deuteron, proton and gluon structure functions thus obtained have been 
compared with NMC and E665 data sets and global MRST2001, MRST2004 and 
GRV1998LO and GRV1998NLO gluon parameterizations respectively. Along 
with the NLO results we also presented our LO results from Chapter 3. 
 
 In Chapter 5, we have presented our solutions of spin-independent 
DGLAP evolution equations for singlet and non-singlet structure functions at 
low-x in NNLO. The t-evolutions of deuteron and proton structure functions 
thus obtained from singlet and non-singlet structure functions have been 
compared with NMC and E665 data sets. Along with the NNLO results we have 
also presented our results of LO and NLO from Chapters 3 and 4.  
 
 In Chapter 6, we have presented our solutions of spin-dependent DGLAP 
evolution equations for singlet, non-singlet and gluon structure functions at 
low-x in LO. Here also we solved the coupled equations for singlet and gluon 
structure functions. The evolutions of deuteron, proton, neutron and gluon 
structure functions thus obtained have been compared with SLAC-E-154, SLAC-
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E-143, SMC collaborations data sets and the result obtained by numerical 
method.  
 
 In Chapter 7, we have presented our solutions of spin-dependent DGLAP 
evolution equations for singlet, non-singlet and gluon structure functions at 
low-x in NLO and also the solution of coupled equations for singlet and gluon 
structure functions. The evolutions of deuteron, proton, neutron and gluon 
structure functions thus obtained have been compared with SLAC-E-154, SLAC-
E-143, SMC collaborations data sets and the result obtained by numerical 
method. Here we compared our LO and NLO results. 
 
 In Chapter 8, in the conclusion part, we have summarized the results 
drawn from our work.   
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                Chapter 1   
 
INTRODUCTION 
 
 
1.1 Structure of Matter  
 
 Matter is composed of - what? Matter is composed of atoms or molecules 
what was suggested by John Dalton in 1805 in his Atomic Theory and according 
to this theory the atoms are the smallest indivisible particle. But with the 
discovery of some of the subatomic particles like electrons, protons, neutron etc. 
which are responsible for the more rich and complex structure of the atom, the 
Atomic Theory was discarded. Extensive researches, since the start of nineteenth 
century, have been carried out by the scientists to conclude about the ultimate 
representatives of the matter i.e. the basic building blocks called the elementary 
particles or sub-atomic particles [1]. By the end of the nineteenth century, in 
1897, J. J. Thomson discovered the electron.  In 1932, James Chadwick identified 
neutron and Werner Heisenberg suggested that atomic nuclei consist of 
neutrons and protons [2-6]. Thus atomic picture becomes somewhat clear with 
electron, neutron, proton and photon as the basic building blocks. Photon has 
been added as a field particle for electromagnetic force such as exists between 
the nucleus and electrons in the atom, i.e., it is a quantum unit of radiation. In 
the same year, Carl David Anderson found the positive electron or the positron 
while studying cosmic ray showers. The discovery of this particle, being the 
antiparticle of electron, predicted the existence of antimatter.   
 
 Then the concept of quark comes as they are the basic constituent of the 
elementary particles, such as the proton, neutron and pion. The quark concept 
[7, 8] was independently proposed in 1964 by the American physicists Murray 
Gell-Mann and George Zweig. Quarks were first believed to be of three kinds: 
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up(u), down(d), and strange(s) and in 1974 the existence of the fourth quark, 
named charm(c), was experimentally confirmed [9, 10]. Thereafter a fifth and 
sixth quarks-called bottom(b) and top(t), respectively – were proposed for 
theoretical reasons of symmetry. Experimental evidence for the existence of the 
bottom quark [9-10] was obtained in 1977. Again in 1994 physicists at Fermi 
National Accelerator Laboratory (Fermilab) announced the experimental 
evidence for the existence of top quark. Quarks have the extraordinary property 
of carrying electric charges that are fractions of the charge of the electron, 
previously believed to be the fundamental unit of charge. Quarks are also 
termed as flavor. Each kind of quark or flavor has its antiparticle. The carrier of 
the force between quarks is a particle called gluon [7-10]. Evidence for gluons 
came out in 1978 from an electron – positron machine, called PETRA [9-10], at 
Hamburg in Germany which is able to observe collisions up to 30 GeV.   
 A table showing the flavor and charges of quarks and anti-quarks is 
given below:  
                         Flavour       Charge                            Flavour            Charge 
                 Up                +2/3                                    Anti-Up              -2/3 
                 Down           -1/3                                Anti-Down         +1/3 
                 Charm          +2/3                                   Anti-Charm        -2/3 
                 Strange         -1/3                                Anti-Strange       +1/3 
                 Top               +2/3                                Anti-Top              -2/3 
                 Bottom         -1/3                                Anti-Bottom        +1/3        
 
 Quark structure of the positive Pion, Proton, and Neutron are shown below:       
    
 
 
 
        
 Figure 1.1: Quark Structure of the π+, p and n 
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Quarks cannot be separated from each other, for this would require far more 
energy than even the most powerful particle accelerator [2, 9-10] can provide. 
They are observed bound together in pairs, forming particles called mesons, or 
in threes, forming particles called baryons. Mesons and baryons together are 
called hadrons.  The positive pion consists of one up quark and one anti-down 
quark. The proton consists of two up quarks and one down quark, while the 
neutron consists of two down quarks and one up quark as depicted in Figure 
1.1. Quantum chromodynamics (QCD) [11], physical theory of strong 
interaction, attempts to account for the behaviour of the elementary particles. 
Mathematically, QCD is quite similar to quantum electrodynamics (QED), the 
theory of electromagnetic interactions; it seeks to provide an equivalent basis for 
the strong nuclear force that binds particles into atomic nuclei. According to 
QCD each quark appears in three colours [7-10] – red (R), blue (B) and green (G).  
Antiquarks carry anticolours, anti-red (Cyan), anti-blue (Yellow) and anti-green 
(magenta), i.e,
___
G),B,(R . Colour has of course no relation with the traditional 
colours. 
 
                              
                                                                                              
 
Equal mixture of Red, Green, Blue (R, G, B) or Cyan, Yellow and Magenta 
)G,B,R(  i. e. equal mixture of colour or anti colours, or colour-anti colours also 
Figure 1.2: Colour composition of hadrons. 
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)GG,BB,R(R  are white or colourless. This explains why observed particle states 
– baryon and mesons and their antiparticles in nature are colourless or white 
which means unchanged by rotation in colour space. It is easy to visualize the 
colour quantum number by associating the three possible colours of a quark 
with the three spots of primary red, green and blue light focused on a screen, as 
shown in figure 1.2.  
 
 Particles from massive one to tiny chunks experience four different types 
of interactions with different magnitude of strength and ranges. The basic forces 
[2-10] and some of their field properties are given below:  
Exchange particle   
Force 
 
Experienced 
by 
 
Exchange 
particle 
 
Range 
 
Relative 
Strength  
Rest mass 
(GeV/c2) 
Spin Electric 
charge 
 
Gravitation
al 
 
All particles 
 
 
graviton    
g* 
 
Long, i.e. 
F ∝ 1/r2 
 
10− 41 
 
0 
 
2 
 
0 
 
Weak 
nuclear  
 
All particles 
except  g* 
 
W and Z 
bosons  
 W+ 
W- 
Z0 
 
10─18   m 
 
10− 16 
 
 
81 
81 
92 
 
 
1 
1 
1 
 
 
+1 
-1 
0 
 
Electro-
magnetic 
Particles 
with electric 
charge 
 
Photons  
γ 
 
Long, i.e. 
F ∝ 1/r2 
 
1/137 
 
0 
 
1 
 
0 
Strong 
nuclear 
Quarks and 
gluons 
Gluons  
g 
2×10─15 m 1 0 1 0 
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1.2  Deep Inelastic Scattering  
 Deep Inelastic Scattering (DIS) experiments have provided important 
information on the structure of hadrons and ultimately the structure of matters 
and on the nature of interactions between leptons and hadrons. 
 
                     
 
 
                                        
               
 
                                              
 
 
Figure1.3: The hadron as seen by a ‘microscope’ ≡ virtual photon: as Q2 
increases, a quark may be resolved into a quark and bremsstrahlung 
gluon or into a quark - antiquark pair. 
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When a very low mass virtual photon (Q2 = ─q2 << 1GeV2) scatters off a hadron, 
the photon ‘sees’ only the total charge and magnetic moment of the hadron and 
the scattering appears point-like (Figure 1.3(a) ) [7, 12]. A higher-mass photon of 
a few hundred MeV2 is able to resolve the individual constituents of the 
hadron’s virtual pion cloud, as shown in Figure 1.3(b) [7, 12], and the hadron 
appears as a composite extended object. At high momentum transfers the 
photon probes the fine structure of the hadron’s charge distribution and sees its 
elementary constituents (Figure 1.3(c)) [7, 12]. If quarks were non-interacting, no 
further structure would appear for increasing Q2 and exact scaling would set in. 
However, in any renormalizable quantum field theory, we have to introduce a 
Bose-field (gluon) which mediates the interaction in order to form bound states 
of quarks, i.e. the observed hadrons. In such a picture, the quark is then always 
accompanied by a gluon cloud which will be probed as the momentum transfer 
is increased. The effect of gluons is then two-fold as illustrated in Figure 1.3(d-g) 
[7, 12]. 
 
 In DIS, a lepton with four-momentum k scatters off a nucleon say, a 
proton with four momentum p as depicted in Figure 1.4.  
          
Figure 1.4: DIS reaction: the photon interacts with a quark inside the 
proton. 
θ 
K′  
K  
Lepton 
Proton 
p 
xp 
γ∗ 
KKq ′−=  
Hadrons
mass w 
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The final state of this reaction consists of the scattered lepton with four-
momentum k′ and the hadronic fragmentation products xp. The exchanged 
virtual vector boson ∗γ  carries a four-momentum q=k−k´. The first component 
of q is the energy transfer, ν = E − E´ where E is the energy of the incoming 
lepton and E´ is the energy of the scattered lepton. To describe the kinematics of 
the above process in the laboratory reference frame, the following variables are 
introduced [13-17].  
• Q2 = −q2, the negative of the exchanged four-momentum squared. 
• x = Q2/2p·q = Q2/2Mν, the Bjorken scaling variable, which describes the 
fraction of the nucleon momentum carried by the struck quark. 
• W2 = (p + q)2, the invariant mass squared of the virtual-photon nucleon 
system. 
• y = p.q/p.k = ν/E , the fraction of the initial lepton energy transferred to the 
boson. 
Neglecting the mass of the electron, the expressions for Q2 and W2 can be 
transformed into Q2 = 4EE′ sin2(θ/2) and W2 = M2 + 2M(E − E′) − Q2 where M is 
the mass of the nucleon and θ is the scattering angle in the laboratory reference 
frame. At large values of Q2, i.e. at small scale distance DIS probes the 
constituents of the hadron (i.e. quarks) not the hadron as a whole. At small 
distance scales, the quarks act as almost free particles and because the 
interactions are relatively weak at those scales, perturbative QCD (PQCD) 
techniques can be used for DIS. A typical lower Q2 limit for which PQCD is 
applicable, is 1 GeV2. Similarly, to avoid contributions from the baryonic 
resonance region a minimum invariant mass W of 2 GeV is usually imposed on 
the data. In DIS, three types of events are distinguished: (i) inclusive events, 
where only the scattered lepton is detected; (ii) semi-inclusive events, where 
apart from the lepton also a hadron is detected; and (iii) exclusive events, where 
all reaction products are identified. 
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1.3  Spin-independent structure functions 
 The spin-independent DIS [7] cross section can be expressed as 
                 ( ) ( ) ⎥⎦
⎤⎢⎣
⎡ ⎟⎠
⎞⎜⎝
⎛ −−+α=
2E
Mxyy1.
x
Qx,F.yQx,F.
Q
4
dxdQ
σd 2222
142
2 2
Sπ , 
where ( )2S Qα  is the running coupling constant which describes how the effective 
charge depends on the separation of two charged particles. F1 and F2 are two 
dimensionless structure functions. Actually structure function is a mathematical 
picture of the hadron structure at high-energy region [1, 7, 12]. Because quarks 
have spin 1/2, the two structure functions F1 and F2 are related by the Callan-
Gross relation, 2xF1(x, Q2) = F2(x, Q2). In the quark parton model (QPM), the 
structure functions are independent of Q2 for point-like quarks, and are only 
functions of the scaling variable x. Experimental data show sizeable deviations 
from the assumed Q2-independence, which are known as scaling violations. The 
deviations are due to gluon radiation and the creation of quark-antiquark pairs. 
These deviations are only prominent at low values of x (< 10−2), and are well 
described by PQCD calculations, in which the quark and gluon distributions are 
used as free parameters. In this framework, the structure function F1 can be 
interpreted as the parton density distribution which is given by the incoherent 
sum of the parton momentum distributions ( )xqf  for each quark flavor f, 
                                          ( )xqe
2
1F f
f
2
1 f∑= , 
here fe  is the fractional electric charge of each of the quark flavors. Similarly, F2 
is the sum weighted by x, which is the momentum fraction carried by the 
parton,  
                                           ( )xqxeF f
f
2
2 f∑= .  
For spin-independent beams and targets, the parton momentum distribution is 
defined as  
                                         ( ) ( ) ( )xqxqxq fff rsrr += , 
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where ( )xq frr  and ( )xqfrs  are the probability of finding a parton of type f with its 
spin aligned parallel or anti-parallel to the nucleon spin, respectively. The 
discussion here is limited to the longitudinal spin, i.e. parallel to the direction of 
motion of the proton. Therefore, the spins mentioned in the text actually 
correspond to helicities. Most experimental results on structure functions are 
obtained by inclusive measurements. 
 
1.4 Spin-dependent structure functions 
 In analogy to the spin-independent structure functions F1 and F2, the 
spin-dependent structure functions 1g and 2g  contain information on the 
helicity dependent contribution to the DIS cross section [18-20]. To access these 
structure functions, a polarized target and a polarized beam are needed. Results 
are obtained by measuring the difference in cross section for a parallel (→ ⇒) or 
anti-parallel (→⇐) orientation of the spins of the struck nucleon and the lepton. 
A measure for the helicity dependent contributions to the cross section is 
obtained by evaluating the asymmetry ⎟⎟⎠
⎞
⎜⎜⎝
⎛ ⇐+⇒⎟⎟⎠
⎞
⎜⎜⎝
⎛ ⇐−⇒ σσ/σσ . This is called a 
double spin asymmetry. Similarly, in case of a single spin asymmetry either the 
target or the beam is polarized, while the other is unpolarized.  
 
 The nucleon is a spin 1/2 particle and has a total spin that is given by the 
sum of the angular momentum components of its constituents. The total 
longitudinal spin of the nucleon is given by 
                                               
2
1LΔGΔΣ
2
1
Zq =++ ,  
where ΔΣq is the contribution of the quark spins, ΔG is the gluon polarization, 
and Lz is the (possible) contribution coming from the orbital angular momentum 
of the quarks and gluons. The longitudinal quark spin contribution qΔΣ  is given 
by the sum over all flavors of the quark helicity distributions fΔq   
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                ( )dxxΔqΔΣ
f
1
0
fq ∑ ∫=  with  ( ) ( ) ( )xqxqxΔq fff rsrr −= . 
The distribution ( )xΔq f  can be interpreted as the probability of finding a quark 
with flavor f in the same helicity state as the nucleon. In 1988, the EMC 
experiment [21] found that only a small fraction of the nucleon spin seems 
carried by the quarks, which is about 20% in contrast to the naive quark-parton 
model. This lead to the so called “spin-crisis”. This result is confirmed by a 
series of DIS experiments at CERN [22, 23] and DESY [24]. 
 
 The inclusive scattering cross section gives access to longitudinally 
polarized structure function 1g , which is the sum of helicity distributions for 
different quark flavors weighted by the electric charge fe  squared, 
                                                      
f
f
2
f1 Δqe2
1g ∑= . 
By determining the double spin asymmetry in semi-inclusive DIS for hadrons 
with a different quark composition, the helicity distributions of the individual 
quark flavors can be determined. Whereas transversely polarized structure 
function g2 has contributions from quark-gluon correlations and other higher 
twist terms which cannot be described perturbatively. The contribution of the 
gluon spin ΔG to the nucleon spin can be determined from events created in the 
photon-gluon fusion process where the virtual photon interacts with a gluon 
from the nucleon by splitting into a quark-antiquark pair. The remaining 
contribution to the nucleon spin, almost 80% comes from the orbital angular 
momentum of the quarks and gluons (Lz). As the sum of the present best values 
for qΔ
1 Σ
2
and ΔG cannot make up for the spin of the nucleon, it is likely that 
quarks and gluons also carry a non-zero amount of orbital angular momentum.  
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1.5 Low-x physics 
 Low-x physics is always being the exciting field of DIS. The behaviour of 
the parton distributions of the hadrons in low-x region is of considerable 
importance both theoretically and phenomenologicaly. In the low-x region novel 
effects are expected to emerge. At very low-x region (less than 310−  or 410− ), 
quarks and gluons radiate ‘soft’ gluons and thus the number of partons i.e. 
quarks and gluons increases rapidly. As the gluon density becomes higher 
several effects, like recombination of gluon to form higher-x gluons, shading of 
gluons by each other, collective effects like condensation or super fluidity or 
formation of local region (known as hot spots) etc. can occur. These may have 
dominant effect on non-perturbative physics at low-x. According to QCD, at 
low-x and at large-Q2, a nucleon consists predominantly of gluons and sea 
quarks. Their densities grow rapidly in the limit x→0 leading to possible spatial 
overlap and to interactions between the partons. i.e. at low-x, the structure 
function is proportional to the sea quark density. Several DIS experiments have 
been performed on nuclear targets and various nuclear effects have shown up at 
low-x. 
 The low-x region of DIS obeys the Regge limit of PQCD [8, 25-28]. DIS 
corresponds to the region where both ν  and 2Q  are large and x is finite. The 
low-x limit of DIS corresponds to the case when 2Mν>>Q2, yet Q2 is still large, 
that is at least a couple of GeV2. The limit 2Mν>>Q2 is equivalent to S >>Q2, that 
is to the limit when the center of mass energy squared S is large and much 
greater than Q2. Since Q2 is large it allows to use PQCD. The structure functions 
are expected to have Regge behaviour corresponding to Regge particle exchange 
i.e.structure function is proportional to x-λ, where λ is the Regge intercept. Thus low-
x physics represents an interesting area in DIS structure function of hadrons. 
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1.6  Evolution Equations  
1. DGLAP (Dokshitzer-Gribov-Lipatov-Altarelli-Parisi) Evolution Equations  
 Keeping only leading powers of lnQ2 (i.e. 2Qnlnnsα ) terms in the 
perturbative expansion, the DGLAP evolution equation comes in the Leading 
Logarithmic Q2 (LLQ2) approximation.  The DGLAP evolution equations for 
quark and gluon in Leading Order (LO) are respectively 
( ) ( ) ( ) ( ) ( ) ( )[ ]∫ +=∂∂
1
x
2
gq
2
iqq
2
s
2
i Qy,Gx/yPQy,qx/yP
y
dy
2π
Qα
t
Qx,q
                (1.1) 
and 
( ) ( ) ( ) ( ) ( ) ( )∫ ∑ ⎥⎦⎤⎢⎣⎡ +=∂∂
1
x i
2
gg
2
iqg
2
s
2
Qy,Gx/yPQy,qx/yP
y
dy
2π
Qα
t
Qx,G
,               (1.2) 
where t = ln(Q2/Λ2) and Pqq, Pqg, Pgg, Pgq denoting the splitting functions. The 
sum i = 1……2nf, nf being the number of flavours, runs over quarks and 
antiquarks of all flavors. Pgq does not depend on the index i if the quark masses 
are neglected [7].   
 For example, in the equation (1.1), the first term mathematically expresses 
the fact that a quark with momentum fraction x [q(x, Q2) on the left hand side] 
could have come form a parent quark with a larger momentum fraction y [q(y, 
Q2) on the right-hand side] which has radiated a gluon. The probability is 
proportional to αsPqq(x/y). The second term considers the possibility that a 
quark with momentum fraction x is the result of qq   pair creation by a parent 
gluon with momentum fraction y (>x). The probability is proportional to 
αsPqg(x/y). The integral in the equation is the sum over all possible momentum 
fractions y (>x) of the parent [7]. For gluon we can give a symbolic 
representation of the gluon evolution equation (1.2) as in Figure 1.5.   
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Figure 1.5: Symbolic representation of the gluon evolution equation in LO. 
 
 Figure 1.6 gives a schematic ladder diagram of quark and gluon exchange 
in LLQ2 approximation of DIS.  
                                  
 
Figure 1.6: Ladder diagram for the DIS in LLQ2 
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 When the appropriate gauge is chosen, the diagrams which contribute in 
the DGLAP approximation are the ladder diagrams with gluon and quark 
exchange as depicted in Figure 1.6. In ladder diagrams, the longitudinal 
momenta ∼Xi are ordered along the chain ( )1ii xx +≥  and the transverse momenta 
are strongly ordered, that is, 2 i,k ⊥ << 2 1i,k +⊥ . It is this strong ordering of transverse 
momenta towards Q2 which gives the maximal power of ( )2Qln , since the 
integration over transverse momentum in each cell is logarithmic.  
 
2. BKFL (Balitsky-Kuraev-Fadin-Lipatov) Evolution Equation  
 Keeping only leading powers of LL (1/x) terms in the perturbative 
expansion, the BKFL evolution equation comes in the Leading Logarithmic 1/x 
(LL(1/x)) approximation[29-31].  The BKFL evolution equation is  
( ) ( ) ( ) ( ) ( ) ( )∫ ∫∞ ⎪⎭
⎪⎬
⎫
⎪⎩
⎪⎨
⎧
+
+
−
−+=
1
x 2
0k
44/
2/
22/
2/2//
2/
2/
/
/
2
2
s202
k4k
k,xf
kk
k,xfk,xf
k
dk
x
dxk
π
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kx,fkx,f ,      (1.3) 
where the function f(x, k2) is the nonintegrated gluon distribution, that is 
2kln/)2k,x(xG)2k,x(f ∂∂= , )2k,x(0f is a suitably defined inhomogeneous 
term; 2k , 2k′  are the transverse momenta squared of the gluon in the final and 
initial states respectively, and 2ok  is the lower limit cut-off. The important point 
here is that, unlike the case of the LLQ2 approximation, the transverse momenta 
are no longer ordered along the chain.  
 
3. GLR (Gribov-Levin-Ryskin) Evolution Equation  
 The GLR evolution equation is obtained in the double logarithmic 
approximation (DLA). DLA is the approximation where both leading power of 
lnQ2 and ln(1/x) are kept. The compact forms of GLR equations are shown in the 
recent literature [32-34]. Further approximation is that the coupling of n ≥ 2 
ladder to the hadrons is proportional to the n-th power of a single ladder and 
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the probability of finding two gluons (at low momentum 20Q ) with momentum 
fraction x1 and x2 is proportional to )Q,).g(xQ,g(x 202
2
01 . It leads to a non-linear 
integro-differential equation for structure function which gives the GLR 
equation as 
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where Ф = ∂F(x, Q2)/∂Q2, R denotes the transverse radius of the hadron and V 
stands for the triple ladder vertex.  
 
4. CCFM (Ciafaloni-Catani-Fiorani-Marchesini) Evolution Equation  
 The CCFM [35-38] evolution equation with respect to the scale 2iq  can 
be written in a differential form [30] 
,)2)z/q(,2/k,/x(A/x
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where )2q,2k,x(A ⊥ is the unintegrated gluon density which depends on 
longitudinal momentum fraction x, transverse momentum 2k ⊥  and the 
evolution variable 2μ  (factorization scale) 2q= . The splitting variables are 
z=x/x′ and ⊥+−=⊥ kqz/)z1(/k
rrr  where  the vector qr  is at an azimuthal angle φ . 
sΔ  is the Sudakov form factor and is given as 
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And the splitting function P~  for branching i is given by 
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where ∆ns is the non-Sudakov form factor defined as 
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1.7: Some Important Research Centres and Experiments 
1. CERN (Conseil Europeen pour la Recherche Nucleaire) 
 CERN is the EUROPEAN ORGANIZATION FOR NUCLEAR 
RESEARCH which is the international scientific organization for collaborative 
research in sub-nuclear physics (high-energy, or particle physics). Head office of 
CERN is in Geneva, Swizerland. The activation of a 600-mega volt 
synchrocyclotron in 1957 enabled CERN physicists to observe the decay of a 
pion, into an electron and a neutrino. The event was instrumental in the 
development of the theory of weak interaction. The laboratory grew steadily, 
activating the particle accelerator known as the Proton Synchrotron (1959), 
which used ‘strong focusing’ of particle beams; the Intersecting Storage Rings 
(ISR; 1971), enabling head-on collisions between protons; and the Super Proton 
Synchrotron (SPS; 1976), with a 7-kilometre circumference. With the addition of 
an Antiproton Accumulator Ring, the SPS was converted into a proton-
antiproton collider in 1981 and provided experimenters with the discovery of 
the W and Z particles in 1983 by Carlo Rubbia and Simon van der Meer. In 
November 2000 the Large Electron-Positron Collider (LEP), a particle accelerator 
installed at CERN is an underground tunnel 27 km in circumference, closed 
down after 11 years service. LEP was used to counter-rotate accelerated 
electrons and positrons in a narrow evacuated tube at velocities close to that of 
light, making a complete circuit about 11,000 times per second. Their paths 
crossed at four points around the ring. DELPHI, one of the four LEP detectors, 
was a horizontal cylinder about 10 m in diameter, 10 m long and weighing 
about 3,000 tones. It was made of concentric sub-detectors, each designed for a 
specialized recording task.  
 CERN also has LHC (Large Hadron Collider) which is a particle 
accelerator and hadron collider. The LHC has started its operation from May 
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2008. It is expected to become the world's largest and highest-energy particle 
accelerator. When activated, it is theorized that the collider will produce the 
elusive Higgs boson, the observation of which could confirm the predictions and 
'missing links' in the Standard Model of physics and could explain how other 
elementary particles acquire properties such as mass. Six detectors are being 
constructed at the LHC. They are located underground, in large caverns 
excavated at the LHC's intersection points. Two of them, ATLAS and CMS are 
large particle detectors. ALICE is a large detector designed to search for a quark-
gluon plasma in the very messy debris of heavy ion collisions. The other three 
(LHCb, TOTEM, and LHCf) are smaller and more specialized. A seventh 
experiment, FP420 (Forward Physics at 420 m), has been proposed which would 
add detectors to four available spaces located 420 m on either side of the ATLAS 
and CMS detectors.  
 Parton distribution functions (PDF) are vital for reliable predictions for 
new physics signals and their background cross sections at the LHC. Since QCD 
does not predict the parton content of the proton, the PDF parameters are 
determined by fit to data from experimental observables in various processes, 
using the DGLAP evolution equation. Recently PDF’s also provide uncertainties 
which take into account experimental errors and their correlations. Since the 
LHC kinematic region is much broader than currently explored, we will have 
the unique opportunity to test QCD at very high and low-x, where predictions 
are extremely important for precise measurements and new physics searches at 
the LHC. 
 
2. FNAL (Fermi National Accelerator Laboratory) 
 FNAL, also called FERMILAB, centre for particle-physics research is 
located at Batavia, Illions in USA named after the Italian-American physicist 
Enrico Fermi, who headed the team that first achieved a controlled nuclear 
reaction. The major components of Fermilab are two large particle accelerators 
called proton synchrotrons, configured in the form of a ring with a 
circumference of 6.3 km. The first, which went into operation in 1972, is capable 
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of accelerating particles to 400 billion electron volts. The second, called the 
Tevatron, is installed below the first and incorporates more powerful 
superconducting magnets; it can accelerate particles to 1 trillion electron volts. 
The older instrument, operating at lower energy levels, now is used as an 
injector for the Tevatron. The high-energy beams of particles (notably muons 
and neutrinos) produced at the laboratory, have been used to study the 
structure of protons in terms of their most fundamental components, the quarks. 
In 1972 a team of scientists at Fermilab isolated the bottom quark and its 
associated antiquark. In 1977 a team led by Leon Lederman discovered the 
upsilon meson, which revealed the existence of the bottom quark and its 
accompanying antiquark. The existence of the top quark predicted by the 
standard model was established at Fermilab in March 1994. 
 
3. SLAC (Stanford Linear Accelerator Center) 
 SLAC was established in 1962 at Stanford University in Menlo Park, 
California, USA. Its mission is to design, construct and operate electron 
accelerators and related experimental facilities for use in high-energy physics 
and synchrotron radiation research. It houses the longest linear accelerator 
(linac) in the world-a machine of 3.2 km long that accelerates electrons up to 
energies of 50 GeV. In 1966 a new machine, designed to reach 20 GeV was 
completed. In 1968 experiments at SLAC found the first direct evidence for 
further structure (i.e., quarks) inside protons and neutrons. In 1972, an electron-
positron collider called SPEAR (Stanford Positron-Electron Asymmetric Rings) 
producing collisions at energies of 2.5 GeV per beam was constructed. In 1974 
SPEAR was upgraded to reach 4.0 GeV per beam. A new type of quark, known 
as charm, and a new, heavy leptons relative of the electron, called the tau were 
discovered using SPEAR. SPEAR was followed by a larger, higher-energy 
colliding-beam machine, the PEP (Positron-Electron Project), which began 
operation in 1980 and took electron-positron collisions to a total energy of 36 
GeV. The SLAC Linear Collider (SLC) was completed in 1987. SLC uses the 
original linac, upgraded to reach 50 GeV, to accelerate electrons and positrons 
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before sending them in opposite directions around a 600-metre loop, where they 
collide at a total energy of 100 GeV. This is sufficient to produce the Z particle, 
the neutral carrier of the weak nuclear force that acts on fundamental particles. 
 
4. DESY (Deutsches Elektronen-Synchrotron) 
 DESY, the largest centre for particle-physics research located in 
Hamburg, Germany was founded in 1959.  The construction of an electron 
synchrotron to generate an energy level of 7.4 billion electron-volts was 
completed in 1964. Ten years later the Double Ring Storage Facility (DORIS) was 
completed which is capable of colliding beams of electrons and positrons at 3.5 
GeV per beam. In 1978 its power was upgraded to 5 GeV per beam. DORIS is no 
longer used as a collider, but its electron beam provides synchrotron radiation 
(mainly at X-ray and ultraviolet wavelengths) for experiments on a variety of 
materials. A larger collider capable of reaching 19 GeV per beam, the Positron-
Electron Tandem Ring Accelerator (PETRA), began operational in 1978. 
Experiments with PETRA in the following year gave the first direct evidence of 
the existence of gluons. The Hadron-Electron Ring Accelerator (HERA) capable 
of colliding electrons and protons was completed in 1992. HERA consists of two 
rings in a single tunnel with a circumference of 6.3 km, one ring accelerates 
electrons to 30 GeV and the other protons to 820 GeV. It is being used to 
continue the study of quarks.  
 
5. KEK (Koh-Ene-Ken) 
 KEK is a NATIONAL LABORATORY FOR HIGH ENERGY PHYSICS 
located at Tsukuba, Ibaraki Prefecture, Japan. Both proton accelerators and 
electron/positron accelerators, including storage rings and colliders, are in 
operation in KEK to support various activities, ranging from particle physics to 
structure biology. High-intensity proton accelerators was also constructed in this 
laboratory in collaboration with Japan Atomic Energy Research Institute. KEK is 
associated with two research institutes, Institute of Particle and Nuclear Studies 
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(IPNS) and Institute of Materials Structure Science (IMSS) and two laboratories, 
Accelerator Laboratory and Applied Research Laboratory. IPNS carries out 
research programs in particle physics and nuclear physics. IMSS offers three 
types of probes for research programs in material science. Its two major 
accelerators are the 12 GeV Proton Synchrotron and the KEKB electron-positron 
collider where the Belle experiment is currently running. The Belle collaboration 
at the KEKB factory was highlighted by its observation of the CP violation of B-
mesons. The Applied Research Laboratory, which has four research centers 
(Radiation Science Center, Computing Research Center, Cryogenics Science 
Center and Mechanical Engineering Center), provide basic technical support for 
all KEK activities with their high-level technologies. KEK is also associated in 
the J-PARC proton accelerator under construction in Tokaimura. 
 
6. VECC (Variable Energy Cyclotron Centre) 
 VECC is a research and development unit located in Kolkata, India. The 
variable energy cyclotron (VEC) set up is used for research in Accelerator 
Science & Technology, Nuclear Science (Theoretical and Experimental), Material 
Science, Computer Science & Technology and in other relevant areas. The 
Variable Energy Cyclotron (VEC) is the main accelerator, operational at the 
Centre since 1980. The Centre is also constructing Radioactive Ion Beam (RIB) 
accelerators – highly complex and sophisticated – for most modern nuclear 
physics and nuclear astrophysics experiments. High level scientific activity goes 
on at the Centre for International collaborations in the areas of high energy 
physics experiments at large accelerators in other parts of the world. The Centre 
has also developed frontline computational facilities to carry out research and 
development in the above mentioned areas. Exploration and recovery of helium 
gas from hot spring emanations and earthquake prediction utilizing related 
observations is another important area in which the Centre is actively engaged. 
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7. BNL (Brookhaven National Laboratory) 
 Brookhaven National Laboratory is located at Upton, New York. The 
setup of  Relativistic Heavy Ion Collider (RHIC) is a heavy-ion collider  used to 
collide ions at relativistic speeds. At present, RHIC is the most powerful heavy-
ion collider in the world. The RHIC double storage ring is itself hexagonally 
shaped and its circumference is 3834 m with curved edges in which stored 
particles are deflected by 1,740 superconducting niobium titanium magnets. The 
six interaction points are at the middle of the six relatively straight sections, 
where the two rings cross, allowing the particles to collide. The interaction 
points are enumerated by clock positions, with the injection point at 6 o'clock. 
There are four detectors at RHIC: STAR (6 o'clock, and near the ATR), PHENIX 
(8 o'clock), PHOBOS (10 o'clock), and BRAHMS (2 o'clock). PHOBOS has the 
largest pseudorapidity coverage of all detectors, and tailored for bulk particle 
multiplicity measurement and it has completed its operation after 2005. 
BRAHMS is designed for momentum spectroscopy, in order to study low-x and 
saturation physics and it has completed its operation after 2006. STAR is aimed 
at the detection of hadrons with its system of time projection chambers covering 
a large solid angle and in a conventionally generated solenoidal magnetic field, 
while PHENIX is further specialized in detecting rare and electromagnetic 
particles, using a partial coverage detector system in a superconductively 
generated axial magnetic field. There is an additional experiment PP2PP, 
investigating spin dependence in p + p scattering. 
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 Another collider eRHIC, also known as spin-dependent electron-hadron 
collider was designed based on the RHIC hadron rings and 10 to 20 GeV energy 
recovery electron linac. The designs of eRHIC, based on a high current super-
conducting energy-recovery linac (ERL) with energy of electrons up to 20 GeV, 
have a number of specific requirements on the ERL optics. Two of the most 
attractive features of this scheme are full spin transparency of the ERL at all 
operational energies and the capability to support up to four interaction points. 
The main goal of the eRHIC is to explore the physics at low-x, and the physics of 
colour-glass condensate in electron-hadron collisions. □  
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               Chapter 2   
 
 
REGGE THEORY 
 
 
 Regge theory (also known as the S-matrix theory) since 1959 describes 
hadronic interactions starting with basic principles such as unitarity or 
analyticity where Regge introduced a theory of complex orbital momenta j that 
allows to constrain the energy dependence of high energy interactions.   
 
 
2.1 S-matrix theory 
 Let in a typical scattering experiment the initial state is represented as i  
and after the interaction the final state is represented as f . If ‘S’ is the 
scattering operator such that its matrix elements between the initial and final 
states, iSf , gives the probability Pf i, that after the interaction the final state 
f  comes from the initial state i , 
                                                 
2
if iSfP = , 
then the scattering operator is known as the scattering matrix or S-matrix. 
 
Postulates 
 The S-matrix theory starts with the basic assumptions, 
1. Free particle states, containing any number of particles, satisfy the 
superposition principle [39], so that if A  and B  are different physical 
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states, C  will be another physical state given by C =a A +b B , where a 
and b are arbitrary complex numbers. 
2. Strong interaction forces are of short range, i. e. we regard the particles as 
free and non-interacting except when they are very close together. So the 
asymptotic states, before and after an experiment, consists just of free 
particles, neglecting the long range forces. 
3. S-matrix remains invariant under Lorentz transformation [39]. 
4. S-matrix is unitary [40]. 
5. Maximum analyticity of the first kind [41]. 
 
Analyticity 
 The scattering amplitude A of S-matrix can be written as arbitrary 
functions of the four momenta of the particles involved in the scattering process 
and hence must be written as a function of Lorentz scalars. Thus A will be a 
Lorentz scalar. For the four-line process 1+2→3+4, the amplitude A (P1, P2; P3, 
P4) will be a function of Lorentz scalars such as (P1+P2)2, (P3+P4)2, (P1+P2+P3)2 
etc. however not all these are independent quantities, since, for example 
(P1+P2)2=(P3+P4)2 by four momentum conservation. For an n-line process in the 
4-dimensional space, ultimately we are left with (3n-10) independent variables. 
So we denote these variables by the Lorentz invariants 
                             ( )2kjik.......ji .................PPPS ±±±±= . 
The 5-th postulate of S-matrix: Maximum analyticity of the first kind is stated as: 
The scattering amplitudes are the real boundary values of analytic functions of 
the invariants kjiS ………which are regarded as complex variables with only such 
singularities as are demanded by the unitarity equations [41]. The most 
important type of singularity which can be identified in the unitarity equations 
is a simple pole which corresponds to the exchange of a physical particle. 
Another requirement for the S-matrix is that it should be TCP invariant, where T 
is the time reversal, C is the charge conjugation and P is the parity inversion. 
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Crossing  
 Crossing is an important result of the analyticity property which is a 
relation that implies between quite separate scattering processes. 
As an example we can consider the 2→2 amplitude, i.e. the scattering process 
1+2→3+4 (figure 2.1(a)). By crossing and TCP theorem all the six processes are 
⎪⎭
⎪⎬
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,channel)(t31424231
,channel)(s21434321
             (2.1) 
where 1 and 2 are the incoming particles and 3 and 4 are the outgoing particles. 
3,2,1 and 4  are the antiparticles of 1, 2, 3 and 4 respectively. The channels are 
named after their respective energy invariants. These processes will share the 
same scattering amplitude, but the pairs of channels s, t and u will occupy 
different regions of the variables [41]. As we know that the four line amplitude 
depends only on two independent variables (3×4-10=2), so there must be a 
relation between s, t and u. The relation can be found as 
2
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                       (a)                                       (b)                                        (c)  
Figure 2.1: The scattering processes in the s, t and u channels 
where 4321 mandm,m,m are the masses of the free particles and Σ represents 
the sum of the squares of these masses. s and t are regarded as the independent 
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variables. The physical region for the s-channel is given by 
( ) ( ){ }243221 mm,mmmaxs ++≥    
i.e. the threshold for the process and 1scos1 ≤θ≤− , where θs is the scattering 
angle between the directions of motion of particles 1 and 3 in the s-channel 
centre of mass system. The various singularities may also be plotted on the 
Mandelstam diagram [41]. 
 
 
2.2 The complex angular momentum plane 
 The idea which Regge [42, 43] introduced into the scattering theory was 
the importance of analytically continuing scattering amplitudes in the complex 
angular momentum plane.  
 
Partial-wave amplitude 
 Throughout this discussion we will consider the 2→2 scattering 
amplitude and spinless particles, so that the total angular momentum of the 
initial state is just the relative orbital angular momentum of the two particles. 
Since the angular momentum is a conserved quantity, the orbital angular 
momentum of the final state must be the same as that of the initial state, so it is 
frequently convenient to consider the scattering amplitude for each individual 
angular momentum separately, i.e. the so-called ‘Partial-wave amplitudes’. 
However, the initial state will not in general be an eigenstate of angular 
momentum, but a sum over many possible angular momentum eigenstates and 
hence the total scattering amplitude will be a sum over all these partial-wave 
amplitudes.  
 For spinless particles the angular dependence of the wave function 
describing a state of orbital angular momentum l in the s-channel is given by the 
Legendre polynomial of the first kind ( )Sl ZP , where SS θcosZ = . Scosθ  can be 
shown to be a function of t, s and u. At fixed s, the scattering angle is just given 
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by t (or u), so ( )s,Ztt S= . The centre-of mass partial-wave scattering amplitude 
of angular momentum l in the s-channel is defined from the total scattering 
amplitude by 
( ) ( ) ( )( ) ,s,Zts,AZPdz
2
1
16
1sA ssl
1
1
sl ∫
−π
=                                                                      (2.2) 
where l=0, 1, 2……….. and the factor 1/(16π) is purely a matter of convention in 
order to simplify the unitary equations. We can convert equation (2.2) to give its 
inverse as  
( ) ( ) ( ) ,ZPsA1)(2l16t s,A sl
l
∑∞
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+π=
0
                                                                          (2.3) 
which is called the partial-wave series for the total scattering amplitude A(s, t). 
We can obviously make an exactly similar partial-wave decomposition in the t-
channel, defining 
( ) ( ) ( )( ) ,t ,t,ZsAZPdZ
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with inverse 
( ) ( ) ( ),ZPtA1)(2l16t s,A tl
l
∑∞
=
+π=
0
                                                                           (2.5) 
Equation (2.5) provides a representation of the scattering amplitude which is 
satisfactory throughout the t-channel physical region. Since Al(t) contains the t-
channel thresholds and resonance poles, the amplitude obtained from equation 
(2.5) has all the t singularities. But its s-dependence is completely contained in 
the Legendre polynomials which are entire functions of Zt and hence of s at 
fixed t. It is evident that this representation must break down if we continue it 
beyond the t-channel physical region (-1 ≤  Zt  ≤ 1) to the nearest singularity in s 
(or u) at s=s0 say, where the series will diverge. For example the pole 
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polynomial in s which diverges at s=m2. 
 
 
 
 
 
 
 
 
 
 
Figure 2.2: The singularities in Zt at fixed t (>tT). Outside the 
physical region      (-1 ≤ Zt  ≤ 1) these are the s-channel poles and 
threshold branch point for Zt>1 and the u-channel singularities for 
Zt<-1. 
 
 In figure 2.2 we have plotted the nearest s and u-channel poles and 
branch points in terms of the variable Zt. They always occur outside the physical 
region of the t-channel but it is clear that the use of equation (2.5) is restricted to 
only a small region of the plot beyond physical region. Here Tt , Ts and Tu  are 
the t, s and u-channel thresholds. 
 
 To obtain an expression for the partial-wave amplitudes which 
incorporates the s and u singularities and hence valid over the whole 
Mandelstam plane, the dispersion relation used is 
x x 
-1  1 
Zt (Σ–t–uT, t) 
Zt (Σ–t–m2, t) Zt (m2, t) 
Zt (ST, t) 
Zt  
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where sg  and ug  are some functions of t, Ds and Du are discontinuity functions. 
After some rigorous calculations we get the Froissart-Gribov projection [44, 45] 
as 
( ) ( ) ( )( ) ( ) ( )( )
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16
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where t13q and t24q  are the three momentum, equal but opposite for the two 
particles and lQ  is the Legendre polynomial of second kind. This Froissart-
Gribov projection is completely equivalent to equation (2.4) provided the 
dispersion relation is valid. However equations (2.4) and (2.6) involve 
completely different regions of Zt and hence s. Since equation (2.4) requires 
integration only over a finite region, the partial-wave amplitudes can always be 
so defined, at least in the t-channel physical region, but equation (2.6) involves 
an infinite integration and can be used only if the integration converges.  
 
Froissart bound 
 Froissart showed that, for amplitudes which satisfy the Mandelstam 
representation, s-channel unitarity limits the asymptotic behaviour of the 
scattering amplitude in the s-channel physical region, 0≤t . Since Legendre 
polynomial of second kind we have, 
( ) ( )
→∞
⎟⎠
⎞⎜⎝
⎛ +−−≈
l
Zξ
2
1l
2
1
l elzQ ,  
where ( ) ( ){ }1ZZlogZξ 2 −+≡ , the Froissart-Gribov projection (equation (2.6)) 
for S-channel partial waves gives 
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 ( ) ( ) ( )
∞→
−→
sl,
Zξl
l
0esfsA ,  
where Z0 is the lowest t-singularity of A(s, t) and f(s) is some function of s. This 
means that all the partial waves with ( )01M Zξll −≡>>  will be very small. Ml  is 
some maximum value of l and the range of the force can be defined as MS lqR ≡  
and particle passing the target at impact parameter b>R effectively miss the 
target and are not scattered much. After some mathematics, equation (2.3) may 
be truncated as  
( ) ( )
( )
( ).π sl
logssC
0l
ZPsA1)(2l16t s,A ∑
=
+≈                                                                        (2.7) 
Then using the bound conditions 
{ } 1AImA0 ii2iil ≤≤≤  and ( ) 1ZPl ≤  for 1Z1 ≤≤− , we get the scattering amplitude 
as 
( )
( )
,slogC.s1)(2l16t s,A 2
logssC
0l
.π ≤+≤ ∑
=
        for 0t,s ≤∞→ .                         (2.8) 
where C is a constant. Using optical theorem (Appendix A), the total scattering 
cross-section take the form, 
( )
∞→
≤
s
s2logCstotσ
,                                                                                                     (2.9) 
Which is called the Froissart bound [46]. 
 
 
Analytic continuation in angular momentum 
 In the t-channel physical region we can obtain the signatured partial-
wave amplitude as 
( ) ( ) .Z
π t tl
Z
2l dZQts,D16
1A
t
s∫∞ ℑℑ =                                                                     (2.10) 
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Which is the Froissart-Gribov projection and it may be used to define ℑlA  for all 
values of l, not necessarily integer or even real. In fact it can be used for all l 
values such that Re{l}>N(t), where ℑSD ~ZN(t) and where 0t for1N(t) ≤≤ . The 
main advantage of using equation (2.10) rather than equation (2.4) for l≠integer 
is that lQ  has a better behaviour than Pl as l→∞. The only singularities of Ql(Z) 
are poles at l=-1, -2, -3………… So equation (2.10) defines a function of l which is 
holomorphic for Re{l}>max(N(t), -1). It is not immediately apparent that there is 
much merit to this extended definition of the partial-wave amplitudes, because 
of course it is only positive integer values of l that have physical significance, 
and there is clearly an infinite number of different ways of interpolating 
between the integers. However ℑlA defined by equation (2.10) vanishes as 
∞→l  and a theorem due to Carlson (Appendix B) [47] tells us that equation 
(2.10) must be the unique continuation with this property. Hence equation (2.10) 
defines ( )tA lℑ  uniquely as a holomorphic function of l with convergent 
behaviour as ∞→l , for all Re{l}>N(t). However we are prevented from 
continuing below Re{l}>N(t) by the divergent behaviour of ℑSD (s, t) as ∞→s . 
 
 In this point another crucial assumption of S-matrix has to be made: the 
scattering amplitude A is an analytic function of orbital angular momentum l 
throughout the complex angular momentum plane, with only isolated 
singularities. It will be just these isolated singularities which cause the 
divergence problems, and we can easily continue past them. For example 
suppose that ( )ts,Dlℑ  has a leading asymptotic power behaviour 
( ) ( )tαl sts,D ≈ℑ + lower order terms, so N(t)=α(t). Applying properties of 
Legendre polynomial of second kind, the large s region of equation (2.10) (s>s1 
say) gives 
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Hence Al(t) has a pole at l=α(t). This is, by hypothesis, the rightmost singularity 
in the complex angular momentum plane and is this singularity which is 
preventing continuation to the left of Re{l}=α(t). However, once we have isolated 
this pole we can continue round it to the left, until we reach the singularity due 
to the next term in the asymptotic expansion of ( )ts,Dlℑ . 
 There may be logarithmic terms like 
( ) ( ) ( ) ( )tβtαl logssts,D ≈ℑ , 
giving 
( ) ( ) ( ) ( )( ) ( ) ( )
( ) ( )( ) ( ) ,1,log
1....,..........
−=−=
−≠+−−=≈
>
+
∞
ℑ ∫
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1-l-tβ
S
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l
1
 
 
so ( )tA lℑ  has a branch point at l=α(t), or a multiple pole if β is a positive integer. 
The assumption that ( )tA lℑ  has only isolated singularities in l, and so can be 
analytically continued throughout the complex angular momentum plane, is 
sometimes called the postulate of ‘maximal analyticity of the second kind’. It is 
the basic assumption upon which the applicability of Regge theory to particle 
physics rests.  
It is known that two-body scattering of hadrons is strongly dominated by small 
momentum transfer or equivalently by small scattering angles. According to 
Regge theory this scattering amplitude is successfully described by the exchange 
of a particle with appropriate quantum numbers and these are known as Regge 
poles. The Regge poles, like elementary particles, are characterized by quantum 
numbers like charge, isospin, strangeness, etc. Regge pole exchange is a 
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generalization of a single particle exchange (Figure 2.3). There are two types of 
regge poles: 1. Reggeon and 2. Pomeron. 
 
                                
Figure 2.3: Regge pole exchange 
 
 A very simple expression for the behaviour of scattering amplitude A(s, t) 
is predicted by Regge after rigorous theoretical work [41] and which is given as 
    ( ) ( )tαsts,A ≈ , for large s.  
 The natural quantities to consider are the structure functions which are 
proportional to the total virtual photon-nucleon cross section and which are 
expected to have Regge behaviour corresponding to pomeron or reggeon 
exchange [26]. So the hadronic cross sections as well as structure functions will 
be dominated by two contributions: i) a pomeron, reproducing the rise of F2, 
say, at low-x and ii) reggeons associated with meson trajectories.  
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It is useful to represent Regge pole exchange in terms of quarks and gluons 
(Figure 2.4). 
 
 
Figure 2.4: Reggeon and pomeron exchange. 
 
2.3  Regge theory in DIS 
 Many models based on Regge theory are able to reproduce hadronic 
cross-sections. For discussion we will consider extension of some of the simplest 
models to the γ∗p amplitudes and we will see how Regge theory can be used to 
describe structure functions. In DIS, Regge theory constrains the S behaviour but 
does not say anything about the Q2 dependence. The Regge couplings are 
therefore functions of Q2. DIS corresponds to the region where both ν and Q2 are 
large. The low-x limit of DIS corresponds to the case when 2Mν>>Q2, where 
x=Q2/2Mν, yet Q2 is still large. The limit 2Mν>>Q2 is equivalent to S>>Q2. The 
high energy limit, when the scattering energy is kept much greater than the 
external masses, is, by definition, the Regge limit. In DIS, Q2 is, by definition, 
also kept large i.e. Q2>>Λ2. The limit of large ν and 2Mν>>Q2 is therefore the 
Regge limit of DIS [26]. The fact that Q2 is large allows to use PQCD and Regge 
theory is strictly applicable in the region of large s, i.e. in the region of low-x [27, 
41]. 
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The pomeron term 
 For the pomeron contribution to F2, we will give three different simple 
possibilities [27, 28]: 
 
1. A power behaviour:           
                                         ( ) ( ) ε222 xQaQx,F −= , 
where ( )2Qa  is a function of Q2 and the exponent ε is called intercept. This term, 
with 0.09ε ≈ is called the soft pomeron but is unable to describe the steeper rise 
of γ∗p amplitudes. The solution is to add another contribution, called the hard 
pomeron, which leads to 
                             ( ) ( ) ( ) hS ε2hε2S22 xQaxQaQx,F −− += .                                         (2.11) 
where ( )2S Qa  and ( )2h Qa  are functions of Q2 and the exponents εs and εh are 
the  intercepts for the soft and hard parts contributions to the structure function 
respectively. The hard pomeron has 0.4εh ≈ . In the complex angular 
momentum plane, i.e. complex-j plane, this corresponds to two simple poles 
at 1.1ε1jand1.4ε1j sh ≈+=≈+= : 
                              ( ) ( ) ( )
h
2
h
S
2
S2
2 ε1j
Qa
ε1j
QaQj,F −−+−−= . 
This is the Donnachie-Landshoff two-pomerons model.    
                                                                                                                                  
2. A logarithmic behaviour: 
                       ( ) ( ) ( ) ( )2222 QBlogQAQ,F +ν=ν 2 , 
where A(Q2) and B(Q2)  are functions of Q2. Here DIS variable ν is used instead 
of x. In the complex-j plane, this expression becomes 
                           ( ) ( )( ) ( )1j QB1j QAQj,F
22
2
2 −+−= 2
. 
And this behaviour is often called the double pole pomeron. 
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3. A squared-logarithmic behaviour: 
                       ( ) ( ) ( ) ( ) ( ) ( )22222 QClogQBlogQAQ,F +ν+ν=ν 222  
                                        ( ) ( )222 QCQlogQA +⎥⎦
⎤⎢⎣
⎡
ν
ν=
0
2
2
2 , 
where C(Q2) is also a function of Q2. Here also DIS variable ν is used instead of 
x. In the complex-j plane, this expression becomes 
                         ( ) ( )( ) ( )( ) ( )1j QC1j QB1j Q2AQj,F
222
2
2 −+−+−= 23
. 
And this behaviour is often called the triple pole pomeron. 
 
 From the above discussion , we found that one of the applications of the 
Regge behaviour is the Donnachie-Landshoff two-pomeron model where the 
rise of structure function is described by powers of 1/x, which is given in 
equation(2.11), where the poles are given by 1.1ε1jand1.4ε1j sh ≈+=≈+= . 
Now, in order to apply Regge theory to DGLAP evolution equations, let us take 
the functions of Q2 to be the same as T(Q2). i.e. ( ) ( ) ( )22S2h QTQAQA == . The 
contributions of the Regge poles solely determine the high energy behaviour of 
all QCD amplitudes in the multi-Regge kinematics given by namely Fadin,  
Fiore, Kozlov and Reznichenko [48].  
 
 So we can assume a simple form for Regge behaviour of spin-
independent structure function to solve DGLAP evolution equation, as [49-56] 
( ) ( ) λ−= xtTtx,F2 ,                                                                                                (2.12)    
where T(t) is a function of t and λ is the Regge intercept for spin-independent 
structure function. This form of Regge behaviour is well supported by the work 
in this field carried out by namely Badelek [57], Soffer and Teryaev [58] and also 
Desgrolard, Lengyel and Martynov [59]. According to Regge theory, the high 
energy i. e. low-x behaviour of both gluons and sea quarks are controlled by the 
same singularity factor in the complex angular momentum plane [41]. And as 
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the values of Regge intercepts for all the spin-independent singlet, non-singlet 
and gluon structure functions should be close to 0.5 in quite a broad range of 
low-x [49], we would also expect that our theoretical curves are best fitted to 
those of the experimental data and parameterization curves at              λS = λNS = 
λG ≈ 0.5, where at λS, λNS and λG  are the Regge intercepts for singlet, non-singlet 
and gluon structure functions respectively. 
  
 The low-x behaviour of spin-dependent structure functions for fixed-Q2 is 
the Regge limit of the polarized DIS, where the Regge pole exchange model 
should be applicable [60]. The Regge behaviour for polarized singlet, non-singlet 
and gluon structure functions has the general form ( ) ( ) iβii xtTtx,A −= [18, 41, 
60], where Ai(x, t) are the structure functions and βi are the respective Regge 
intercepts of the trajectory. Let us take βi's as βS, βNS and βG for the spin-
dependent singlet, non-singlet and gluon structure functions respectively. So we 
are in a state to solve the spin-dependent DGLAP evolution equations with this 
form of Regge behaviour.□  
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     Chapter 3 
 
 
t and x- Evolutions of Spin-independent DGLAP 
Evolution Equations in Leading Order 
 
  Here in this chapter we have solved the spin-independent DGLAP 
evolution equations for singlet, non-singlet and gluon structure functions at 
low-x in leading order (LO) considering Regge behaviour of structure functions 
and also the coupled equations for singlet and gluon structure functions. The t 
and x-evolutions of deuteron, proton and gluon structure functions thus 
obtained have been compared with NMC and E665 collaborations data sets and 
global MRST 2001, MRST 2004 and GRV1998LO gluon parameterizations 
respectively.  
 
3.1 Theory 
  
 The spin-independent DGLAP evolution equations for singlet, non-
singlet and gluon structure functions in LO are given as [61, 62] 
( ) ( ) 0,tx,I
2π
tα
t
t)(x,F S
1
S
S
2 =−∂
∂                                                                                           (3.1) 
( ) ( ) 0tx,I
2π
tα
t
t)(x,F NS
1
S
NS
2 =−∂
∂                                                                                        (3.2) 
and 
( ) 0,t)(x,I
2π
tα
t
t)G(x, G
1
S =−∂
∂                                                                                     (3.3) 
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where 
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 The strong coupling constant, ( )2S Qα  is related with the β-function as [63] 
( ) ( ) L+−−−=∂∂= 4S323s212s02
2
S
S α64π
β
α
16π
β
α
4π
β
logQ
Qα
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ffFfC
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9
205T2CN
54
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β +−=++−+=   
are the one loop, two loop and three loop corrections to the QCD β- function and 
Nf being the number of flavour. CA, CG, CF, and TR are constants associated with 
the colour SU(3) group where CA = CG = NC = 3 and   TR = 1/ 2.  NC is the 
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number of colours. ( )
3
4
2N
1N
ωC
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F =−= . Running coupling constant in LO 
is ( )
tβ
4πtα
0
S = . 
 Deuteron, proton and neutron spin-independent structure functions in 
terms of singlet and non-singlet spin-independent structure functions [62] can 
be written as 
)t,x(F
9
5)t,x(F S2
d
2 = ,                                                                                                    (3.4) 
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18
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S
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n
2 −= .                                                                            (3.6)                       
 
 Now let us consider the Regge behaviour of singlet, non-singlet and 
gluon structure functions [49-54] as discussed in Chapter 2: 
( ) ( ) SxtTtx,F 1S2 λ−= ,                                                                                                 (3.7) 
( ) ( ) NSxtTtx,F 2NS2 λ−=                                                                                          (3.8) 
and 
Gλ
3(t)xTt)G(x,
−= .                                                                                                       (3.9) 
Therefore, 
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 53
where T1(t), T2(t) and T3(t) are functions of t, and λS, λNS and λG are the Regge 
intercepts for singlet, non-singlet and gluon structure functions respectively.  
 
 The DGLAP evolution equations of singlet, non-singlet and gluon 
structure functions are in the same forms of derivative with respect to t and also 
the input singlet and gluon parameterizations, taken for the global analysis to 
incorporate different high precision data, are also functions of x at fixed-Q2. So 
the relation between singlet and gluon structure functions will come out in 
terms of x at fixed-Q2, so, we can consider the ansatz [51, 52, 64-66]  
( ) ( ) ( )tx,FxK tx,G s2=                                                                                                   (3.13) 
for simplicity, where K(x) is a parameter to be determined from 
phenomenological analysis and we assume K(x) = K, axb or ce dx where K, a, b, c 
and d are constants. Though we have assumed some simple standard functional 
forms of K(x), yet we can not rule out the other possibilities. 
 
 Among the various methods to solve these equations, Taylor expansion 
[67] is the simple one to transform the integro-differential equations into partial 
differential equations and thus to solve them by standard methods [64, 65]. But 
when we consider Regge behaviour of structure functions, the use of Taylor 
expansion becomes limited. In this method, we introduce the variable u = 1-ω 
and we get 
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=−=ω 0k
kux
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xx . 
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x  is convergent. Applying the Taylor 
expansion for the singlet structure function in equation (3.1), we get 
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 54
When we apply Regge behaviour of structure functions, say, singlet structure 
function then 
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becomes 
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So in the expansion series, we will get terms with alternate positive and negative 
signs and contribution from λS to each term increases. So in this case, it is not 
possible to truncate this infinite series into finite number of terms by applying 
boundary condition such as low-x [68] and also this is not a convergent series 
[67]. So, in solving DGLAP evolution equations we can not apply Regge 
behaviour of singlet structure function and Taylor series expansion method 
simultaneously. Same is the case for non-singlet and gluon structure functions 
also. 
 
 Putting equations (3.7), (3.10) and (3.13) in equation (3.1) we arrive at  
( ) ( ) ( ) 0xH
t
 tx,F
t
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where 
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Integrating equation (3.15) we get   
( ) ( )xHS2 1tC tx,F = ,                                                                                                   (3.16) 
where C is a constant of integration and ( )ff 2N334A −= . At 0tt = , equation 
(3.16) gives 
( ) ( )xH00S2 1tCtx,F = .                                                                                              (3.17) 
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From equations (3.16) and (3.17) we get 
( ) ( )
( )xH
0
0
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2
S
2
1
t
ttx,Ftx,F ⎟⎟⎠
⎞
⎜⎜⎝
⎛= ,                                                                                 (3.18) 
which gives the t-evolution of singlet structure function in LO. Again at 0xx = , 
equation (3.16) gives   
( ) ( )01 xH0S2 tCt,xF = .                                                                                              (3.19) 
From equations (3.16) and (3.19), we get 
( ) ( ) ( ) ( ){ }011 xHxH0S2S2 tt,xFtx,F −= ,                                                       (3.20) 
which gives the x-evolution of singlet structure function at LO.  
 
 Similarly, from the equations (3.2) and (3.3) we get the solutions of spin-
independent DGLAP evolution equations for non-singlet and gluon structure 
functions in LO at low-x respectively 
( ) ( )xHNS2 2tCtx,F =                                                                                                   (3.21) 
and 
( ) ( )xH3tCtx,G = ,                                                                                                    (3.22) 
where 
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The t and x-evolutions of spin-independent non-singlet structure function from 
equation (3.21) are given as 
 56
( ) ( )
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⎛=                                                                                 (3.23) 
and 
( ) ( ) ( ) ( ){ }0xHxH0NS2NS2 tt,xFtx,F 22 −= .                                                     (3.24) 
The t and x-evolutions of deuteron and proton structure functions from equations 
(3.18), (3.20), (3.23), and (3.24) are respectively   
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( ) ( ) ( ) ( ){ }011 xHxH0d2d2 tt,xFtx,F −= ,                                                                 (3.26) 
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The t and x-evolutions of spin-independent gluon structure functions function 
from equation (3.22) are given as 
( ) ( )
( )xH
0
0
3
t
ttx,Gtx,G ⎟⎟⎠
⎞
⎜⎜⎝
⎛=                                                                                      (3.29) 
and 
( ) ( ) ( ) ( ){ }033 xHxH0 tt,xGtx,G −= .                                                                       (3.30) 
 Now ignoring the quark contribution to the gluon structure function we 
get from the DGLAP evolution equation (3.3) 
0It)G(x,x)(1ln
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By the same procedure as above, we get the t and x-evolution equations for the 
gluon structure function ignoring the quark contribution in LO at low-x as   
(x)B
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1
t
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⎞
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⎛=                                                                                              (3.32) 
and 
( ) ( ) { })(xB(x)B0 011tt ,xGtx,G −= ,                                                                                 (3.33) 
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 The assumption of the ad hoc function K(x) can be overcome if we solve 
the coupled DGLAP evolution equations for singlet and gluon structure 
functions. Following is the procedure by which we solved the coupled DGLAP 
evolution equations considering the Regge behaviour of structure functions. 
Putting equations (3.10) and (3.12) in equations (3.1) and (3.3), we get 
respectively 
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and 
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Let us take, f1(x)=P1, f2(x)=Q1, f3(x)=R1 and f4(x)=S1. Equations (3.34) and (3.35) 
results to the simple forms respectively as 
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and 
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For a constant value of x, equations (3.36) and (3.37) are simultaneous linear 
ordinary differential equations in t)(x,FS2  and G(x, t). We solved these equations 
by one of the standard methods for solution of ordinary differential equations 
[Appendix C][69, 70] and the solutions for singlet and gluon structure functions  
are  
( ) ( )21 ggS2 ttCtx,F +=                                                                                             (3.38) 
and 
)tFtC(Ft)G(x, 2g21
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V1 = S1.P1-Q1.R1, F1 = (g1-P1)/Q1, F2 = (g2-P1)/Q1.  
Applying initial conditions at 0xx = , ( ) ( )t,xFtx,F 0S2S2 =  and 
( ) ( )t,xGtx,G 0= , and at 0tt = , ( ) ( )0S2S2 tx,Ftx,F =  and ( ) ( )0tx,Gtx,G = , the t 
and x-evolution equations for the singlet and gluon structure functions in LO 
come as   
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where 20102010 FandF,g,g  are the values of 2121 FandF,g,g at 0xx = .  The t 
and x-evolution equations of deuteron structure function corresponding to 
equations (3.47) and (3.48) are respectively   
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3.2  Results and Discussion 
 
 We have compared our result of deuteron and proton structure functions 
with the data sets measured by the NMC [71] in muon-deuteron DIS from the 
merged data sets at incident momenta 90, 120, 200 and 280 GeV2 and also with 
the data sets measured by the Fermilab E665 [72] Collaboration in muon-
deuteron DIS at an average beam energy of 470 GeV2. For our phenomenological 
analysis we have considered the data sets of deuteron and proton structure 
functions in the range what the NMC and E665 collaborations provide at low-x. 
We considered the QCD cut-off parameter as 
MS
Λ (Nf = 4) = 323 MeV for ( )2zs Mα  
= 0.119± 0.002 [73]. We have compared our results of t and x-evolutions of gluon 
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structure function in LO with MRST 2001, MRST 2004 and GRV1998LO global 
parameterizations. We have taken the MRST 2001 fit [73] to the CDFIB data [74] 
for Q2 = 20 GeV2, in which they obtained the optimum global NLO fit with the 
starting parameterizations of the partons at Q02=1 GeV2 given by xg=123.5x1.16(1– 
x)4.69(1–3.57x0.5+3.41x)–0.038x–0.5(1–x)10. The optimum fit corresponds to 
( ) 0.119Mα 2ZS =  i.e. MSΛ (Nf =4)=323 MeV. We have also taken the MRST 2004 
fit [75] to the ZEUS [76] and H1 [77] data with x<0.01 and 2<Q2<500 GeV2 for Q2 
= 100 GeV2, in which they have taken parametric form for the starting 
distribution at Q02=1 GeV2 given by 
 xg = Agx– λg (1–x)3.7(1+εg√x+γgx)–A x – δ(1–x)10,  
where the powers of the (1–x) factors are taken from MRST 2001 fit. The λg, εg, A  
and δ are taken as free parameters. The value of ( )2ZS Mα  is taken to be the same 
as in the MRST 2001 fit. We have taken the GRV1998LO parameterization [78] 
for 10–2≤x≤10–5 GeV2 and 20≤Q2≤40 GeV2, where they used H1 [79] and ZEUS 
[80] high precision data on G(x, Q2). They have chosen ( ) 0.114Mα 2ZS =  i.e. 
MSΛ (Nf=4)=246 MeV. The input densities have been fixed using the data sets of 
HERA [79], SLAC [81], BCDMS [82], NMC [71] and E665 [72]. The resulting 
input distribution at Q2=0.40 GeV2 is given by xg=20.80x1.6(1–x)4.1.  
  
 The graphs ‘our result’ represent the best fit graph of our work with 
different experimental data sets and parameterization graphs. Data points at 
lowest-Q2 values are taken as input to test the t-evolution equations and data 
points at x <0.1 is taken as input to test the x-evolution equations. We have 
compared our results for K(x) = K, axb and cedx. In our work for deuteron 
structure function, we found that the value of the structure function remains 
almost same for a large range of b, 10-2>b>10-7 and the values remain constant 
for b>10-2. So we choose b=0.01 for our calculation. Similarly the value of the 
structure function remains almost same for a large range of d, -1>d>-10-4 and 
d>-1. So we choose d= -1 for our calculation. In our work for gluon structure 
function, we have found the values of the gluon structure function remains 
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almost same for b<0.00001 and for d< 0.0001. So, we have chosen b = 0.00001 
and d = 0.0001 and the best fit graphs are observed by changing the values of K, 
a and c. We are also interested to see the contribution of quark to gluon 
structure functions at low-x and high-Q2, theoretically which should decrease 
for x→0, Q2→∝ [41, 83]. According to Regge theory, the high energy (low-x) 
behaviour of both gluons and sea quarks is controlled by the same singularity 
factor in the complex angular momentum plane. So, we have taken λS = λΝS = λG 
= λ = 0.5 for our calculation. The values of λS, λΝS and λG should be close to 0.5 in 
quite a broad range of x [49-52, 75].  
  
 In Figure 3.1, we have compared our result of t-evolution of deuteron 
structure function in LO from equation (3.25) for λS = 0.5 and K(x)=K with NMC 
data and the best fit result is found for 2.25<K<2.93. Same graphs are found for 
K(x) =K and axb and in this case the best fit results are for 2.33< a< 3.08 and 
2.34<c<2.98.  
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Figure 3.1: t -evolution of deuteron structure function in LO at low-x 
compared with NMC experimental data points. 
 
 
 
 In Figure 3.2, we find the t-evolution of deuteron structure in LO for 
representative values of x with K = 2.52 (the average values of K from Figure 
3.1) and varying the values of λS. The corresponding values for the best fit 
results are 0.355<λS<0.61. We get the same range of λS taking average values of a 
and c as a = 2.63 and c = 2.6 respectively.  
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Figure 3.2: t -evolution of deuteron structure function in LO at low-x 
compared with NMC experimental data set. Data are scaled up by +0.15i 
(i=0, 1, 2, 3) starting from bottom graph. 
 
 Figure 3.3 represents our result of x-evolution of deuteron structure 
function in LO from equation (3.26) for K =0.01 with NMC data. The best fit 
result is found for 0.09 < λS <0.22 in the range of 9<Q2<20 GeV2, 0.025<x<0.09. 
Here we have kept K fixed at 0.01 since the value of structure function in this 
case remains almost same for the large range 10-6<K<10-2 and K>10-2.  
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Figure 3.3: x-evolutions of deuteron structure function in LO at low-x 
compared with NMC data set. Data are scaled up by +0.15i (i=0, 1, 2, 3) 
starting from bottom graph. 
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Figure 3.4: t -evolution of proton structure function in LO at low-x for λS=λΝS 
=0.5 and K(x) = axb for the representative values of x compared with NMC and 
E665 data sets. Data are scaled up by +0.2i (i=0, 1, 2, 3) for both NMC and E665 
data sets starting from bottom graph. 
 
 
 Figures 3.4(a-b) represents the result of t-evolution of proton structure 
function from equation (3.27) for K (x) = axb with NMC and E665 data sets. Figure 
3.4(a) represents the comparison of our result with NMC data. And figure 3.4(b) 
represents the comparison with E665 data. We get the best fit results for 
1.6<a<3.45. We have also compared our result of t-evolution of proton structure 
function for K(x) =K and ce-dx. Same graphs are found with 1.7<K<3.3 and 
1.6<c<3.4.  
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Figure 3.5: x -evolution of proton structure function in LO at low-x for 
λS=λΝS =0.5 and K(x) = axb for the representative values of x compared 
with NMC and E665 data sets. Here data are scaled up by +0.3i (i=0, 1) for 
both NMC and E665 data sets starting from bottom graph. 
 
 
 Figures 3.5(a-b) represent the result of x-evolution of proton structure 
function from equation (3.28) for K (x) = axb with NMC and E665 data sets. Figure 
3.5(a) represents the comparison of our result with NMC data. And figure 3.5(b) 
represents the comparison with E665 data. 9<a<20 correspond the best fit 
results. Same graphs are found for K(x) =K and ce-dx where 9<K< 20 and 9<c<20.  
 In figures 3.6 and 3.7 we have compared our result of t-evolution of gluon 
structure function from equation (3.29) with GRV1998LO gluon 
parameterization at x=10–5 and 10–4 respectively for K(x) = K. At x = 10–5, we 
found the best fit result for K = 1.55 and at x = 10–4 for K = 3. We compared the 
result for K(x) =axb and ce-dx also and found the same graphs as for K (x) = K. 
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When a = c = 1.55 at x = 10–5 and a = c = 3 at x = 10–4, we get the best fit results. 
The figures show that our results are in good agreement with GRV1998LO 
parameterization at low-x.  
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Figure 3.6: t -evolution of gluon structure function in LO at low-x for   λG= 
0.5 and K(x)=K=1.55 for the representative values of x compared with 
GRV1998LO parameterization graphs. 
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Figure 3.7: t -evolution of gluon structure function in LO at low-x for λG 
 =0.5 and K(x) = K=3 for the representative values of x compared 
with GRV1998LO parameterization graphs. 
 
 Figures 3.8(a-b) represent our result of x-evolution of gluon structure 
function from equation (3.30) for K (x) = K with MRST 2001 and MRST 2004 
global parameterizations. Figure 3.8(a) represents the comparison of our result 
with MRST 2001 parameterization at Q2 = 20 GeV2. Figure 3.8(b) represents the 
comparison with MRST 2004 parameterization at Q2 = 100 GeV2. We have 
compared our result for K(x) =axb and   ce-dx also and found the same graphs as 
for K (x) = K. The corresponding values for the best fit results are K=a = c = 0.8 
with MRST 2001 parameterization at Q2 = 20 GeV2, K=a = c = 0.33 with MRST 
2004 parameterization at Q2 = 100 GeV2. 
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Figure 3.8:  x-evolution of gluon structure function in LO at low-x for  λG 
=0.5 and K(x) = K for the representative values of x compared 
with MRST 2001 and MRST 2004 parameterization graphs 
 
  
 Figures 3.9(a-b) represent the comparison of our result of x-evolution of 
gluon structure function from equation (3.30) with GRV1998LO 
parameterization at Q2 = 20 GeV2 and 40 GeV2. K = 0.11 for Q2 =20 GeV2 and K = 
0.12 for Q2 =40 GeV2 corresponds the best fit result. In some recent papers [84], 
Choudhury and Saharia presented a form of gluon structure function at low-x 
obtained from a unique solution with one single initial condition through the 
application of the method of characteristics [85]. They have overcome the 
limitations of non-uniqueness of some of the earlier approaches [65, 86-88]. So, it 
is theoretically and phenomenologically favoured over the earlier 
approximations. As we compared both their and our results with GRV1998LO 
parameterizations we found that our result to GRV1998LO parameterization fits 
better with decreasing x.  We have compared our result for K(x) =axb and   ce-dx 
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also and found the same graphs as for K (x) = K and a = c = 0.11 at Q2 = 20 GeV2 
and a = c = 0.12 at Q2 = 40 GeV2 correspond the best fit results. 
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(b) Q2=40 GeV2, K(x)=K=0.12, λG=0.5
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          Figure 3.9: x-evolution of gluon structure function in LO at low-x for  λG 
=0.5 and K(x) = K for the representative values of x compared 
with GRV1998LO parameterization graphs.          
 
 Figures 3.10(a-f) represent the sensitivity of the parameters λ, K, a, b, c 
and d respectively. Taking the best fit figures to the x-evolution of gluon 
structure function with MRST 2001 parameterization at Q2 = 20 GeV2, we have 
given the ranges of the parameters as 0.45≤λ≤0.55, 0.65≤K≤0.95, 0.65≤a≤0.95, 
0.00001≤b≤0.05, 0.65≤c≤0.95 and 0.0001≤d≤0.5.  
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0
2
4
6
8
0.001 0.01 0.1 1
x
G
(x
, Q
2 )
 λG = 0.55
λG = 0.5
 λG = 0.45
(c) Q2=20 GeV2, K(x)=a.xb, b = 0.00001, 
λG = 0.5
0
2
4
6
0.001 0.01 0.1 1
x
G
(x
, Q
2 )
a = 0.95
a = 0.8
 a = 0.65
(e) Q2=20 GeV2, K(x)=c.e- d.X, d=0.0001, 
λG=0.5
0
2
4
6
0.001 0.01 0.1 1
x
G
(x
, Q
2 )
c = 0.95
c = 0.8
 c = 0.65
(b) Q2=20 GeV2, K(x)=K, λG=0.5
0
2
4
6
0.001 0.01 0.1 1
x
G
(x
, Q
2 )
 K = 0.95
K = 0.8
 K = 0.65
(d) Q2=20 GeV2, K(x)=a.xb, a=0.8, λG=0.5
0
2
4
6
0.001 0.01 0.1 1
x
G
(x
, Q
2 )
b = 0.00001
 b = 0.05
(f) Q2=20 GeV2, K(x)=c.e- d.x, c=0.8, λG=0.5
0
2
4
6
0.001 0.01 0.1 1
x
G
(x
, Q
2 )
d = 0.5
d = 0.0001
 
Figure 3.10: Fig. 3.10(a-f) show the sensitivity of the parameters  λ, K, a, b, 
c and d respectively at Q2 = 20 GeV2 with the best fit graphs of our results 
with MRST 2001 parameterization. 
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0.25
0.3
0.35
0.4
0.45
0.5
0 2 4 6 8
Q2(GeV2)
F2
d (
x,
Q
2 )
NMC
Our Result
 
Figure 3.11: t evolution of deuteron structure function in LO at low-x 
obtained by solving coupled equations, compared with NMC data points. 
 
   The t and x-evolutions of singlet and gluon structure functions at low-x, 
obtained by solving coupled DGLAP equations applying Regge behaviour of 
structure functions are given by equations (3.40) to (3.43) respectively. Figures 
3.11(a-b) represent our result of t-evolution of deuteron structure function in LO 
from equation (3.44) with NMC data set. We get the best fit results with λS = 
λG=0.5 for x=0.0045 and λS =0.5, λG= 0.55 for x=0.0175.  
 
 Figures 3.12(a-b) represent our results for x-evolution of deuteron 
structure function in LO from equation (3.45) with NMC data set. We find the 
best fit result corresponds to λS =λG= 0.7 for both Q2=15 GeV2 and Q2=20 GeV2. 
Since Regge theory is strictly applicable only for low-x and high-Q2, the best fits 
of our result for x-evolution of deuteron structure function with NMC data set 
are not so good and values of  λS and λG are also not close to 0.5. Due to lack of 
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deuteron data at low-x and high-Q2, we could not check our result for x-
evolution of deuteron structure function properly. 
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(b) Q2=20 GeV2, λS=λG=0.7
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Figure 3.12: x-evolution of deuteron structure function in LO at low-x obtained 
by solving coupled equations, compared with NMC 
data set.
 
  
 Figures 3.13(a-b) represent our results of t-evolution of gluon structure 
function from equation (3.42) with GRV1998LO gluon parameterization at x=10–
5 and 10–4 respectively. We get the best fit results with λS =0.5, λG= 0.46 for x=10–5 
and λS =0.5, λG= 0.48 for x=10–4.  
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(a) x=0.00001, λS=0.5, λG=0.46
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   (b) x=0.0001,  λS=0.5, λG=0.48 
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Figure 3.13: t -evolution of gluon structure function in LO at low-x which 
is obtained by solving coupled equations, compared with GRV1998LO 
parameterization graphs. 
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Figure 3.14:  x-evolution of gluon structure function in LO at low-x 
obtained by solving coupled equations, compared with MRST 2001 and 
MRST 2004 parameterization graphs. 
 
 Figure 3.14(a) represents our result of x-evolution of gluon structure 
function from equation (3.43) with MRST 2001 parameterization at Q2 = 20 GeV2. 
We find the best fit result corresponding to λS =0.5, λG = 0.47. Figure 3.14(b) 
presents our result of x-evolution of gluon structure function from equation 
(3.43) with MRST 2004 parameterization at Q2 = 100 GeV2. We get the best fit 
results for λS =0.5, λG= 0.31.  
 Figures 3.15 (a-b), represents our result of x-evolution of gluon structure 
function from equation (3.43) with GRV1998LO parameterization at Q2 = 40 
GeV2and 80 GeV2 respectively. For both the figures the best fit results are for λS 
=0.5, λG= 0.3. From the figures it is obvious that our result is best fitted to the 
GRV1998LO parameterizations for increasing Q2 at low-x.  
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(b) Q2=80GeV2, λS= 0.5, λG = 0.3
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Fig 3.15:  x-evolution of gluon structure function in LO at low-x which is  
obtained by solving coupled equations, compared with GRV1998LO 
parameterization graphs. 
 
Figures 3.16(a-b) represent the sensitivity of the parameters λS and λG 
respectively. Taking the best fit graph of our result to the x-evolution of gluon 
structure function from equation (3.43) with MRST 2004 parameterization at 
Q2=100 GeV2, we have given the results for the ranges of the parameters as  0.3 ≤ 
λS ≤ 0.7 and 0.3 ≤ λG≤ 0.32. It is observed that λG is much more sensitive than λS.   
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Fig. 3.16: Fig. 3.16(a-b) show the sensitivity of the parameters λS and 
λG respectively at Q2  = 100 GeV2 with the best fit graph of our results with 
GRV1998LO parameterization.
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 Figures 3.17(a-b) also represent the sensitivity of the parameters λS and λG 
respectively. Considering the best fit graph of our result of t-evolution of 
deuteron structure function from equation (3.44) with NMC data at x=0.0045, we 
have given the ranges of the parameters as 0.3 ≤ λS ≤ 0.7 and 0.45 ≤ λG≤ 0.55. 
Here also it is observed that λG is much more sensitive than λS.   
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Figure 3.17: Fig. 3.17(a) and 3.17(b) show the sensitivity of the parameters 
λS and λG respectively at x = 0.0045 with the best fit graph of our result 
(solid curve) with NMC data points. 
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3.3 Conclusion       
      
 In this chapter by using Regge behaviour of spin-independent structure 
functions at low-x, we have solved DGLAP evolution equations for singlet, non-
singlet and gluon structure functions in LO. Also we have derived the t and x-
evolutions of deuteron, proton and gluon structure functions. To overcome the 
problem of ad hoc assumption of the function K(x), the relation between singlet 
structure function and gluon structure function, we also solved coupled 
evolution equations for singlet and gluon structure functions and obtained a 
new description of t and x-evolutions for both the singlet and gluon structure 
functions within the Regge limit. We have seen that our results are in good 
agreement with NMC and E665 experimental data sets for deuteron and proton 
structure functions, MRST2001, MRST2004 and GRV1998LO global 
parameterizations for gluon structure function especially at low-x and high-Q2 
region. We were also interested to see the contribution of quark to the gluon 
structure function at different x and Q2 but it has been observed that in our x-Q2 
region quark contributes appreciably to gluon structure function. So, we cannot 
ignore the contribution of quark in that region. We can conclude that Regge 
behaviour of quark and gluon structure functions is compatible with PQCD at 
that region assuming that Regge intercepts are almost same for both quark and 
gluon. We have overcome the limitations that arise from Taylor series expansion 
method for the analytical solution of the DGLAP evolution equations. In this 
chapter we solved only leading order evolution equations and seen that next-to-
leading order (NLO) and next-next-to-leading order (NNLO) equations are more 
correct and their solutions give better fit to global data and parameterizations.□ 
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Chapter 4 
 
 
t and x- Evolutions of Spin-independent DGLAP 
Evolution Equations in Next-to-Leading Order 
 
  In this chapter, we have solved the spin-independent DGLAP evolution 
equations for singlet, non-singlet and gluon structure functions at low-x in next-
to-leading order (NLO) considering Regge behaviour of structure functions and 
also the coupled equations for singlet and gluon structure functions. The t and x-
evolutions of deuteron, proton and gluon structure functions we obtained have 
been compared with NMC and E665 collaborations data sets and global 
MRST2001, MRST2004 and GRV1998LO and GRV1998NLO gluon 
parameterizations respectively.  
 
4.1 Theory 
 The spin-independent DGLAP evolution equations for singlet, non-
singlet and gluon structure functions in NLO are given as [52, 65, 89] 
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The equations upto LO are given in chapter 3 (equations 3.1, 3.2 and 3.3). The 
NLO contributions are given as  
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The explicit forms of higher order kernels in NLO are [65, 89, 90] 
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 At low-x, for x→0, only gluon splitting function matters [51, 52, 84, 91]. So 
keeping the full form of other splitting functions, we make some approximation 
of the splitting function P2gg(ω), retaining only its leading term as x→0 [52, 91], 
i.e., we take ( ) ω≅ω
1
3
52P2gg .  
 Applying Regge behaviour of structure functions and the relation 
between singlet and gluon structure functions as given in Chapter 3 (equations 
(3.7) to (3.9) and equation (3.13)), we get the solution of spin-independent 
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DGLAP evolution equations for singlet, non-singlet and gluon structure 
functions in NLO respectively  
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 For possible solutions in NLO, we have taken ( ) ⎟⎟⎠
⎞⎜⎜⎝
⎛=
2π
(t)sαtT and the 
expression for T(t) upto LO correction with the assumption ( ) T(t)0Tt2T =  [52, 65, 
90], where T0 is a numerical parameter. But T0 is not arbitrary. We choose T0 
such that difference between T2(t) and T0 T(t) is minimum (Figures 4.1 and 4.2).  
 
 The t and x-evolution equations of singlet, non-singlet and gluon 
structure functions from equations (4.4) to (4.6) are given by 
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 The t and x-evolution equations of deuteron and proton structure functions 
from equations (4.7) to (4.10) are respectively   
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Here ( ) ( ) ( ) ( )t,xFandt,xFtx,Ftx,F 0p20d20p20d2 ,,  are the values of the structure 
functions ( ) ( )tx,Fandtx,F p2d2  at 0tt =  and 0xx =  respectively. 
 
 Now ignoring the quark contribution to the gluon structure function we 
get from the evolution equation (4.3) 
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 Similarly we get the t and x-evolution equations for the gluon structure 
function ignoring the quark contribution in NLO and are given by 
(x)B
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 We get the solution of spin-independent coupled DGLAP evolution 
equations for singlet and gluon structure functions in NLO at low-x [Appendix 
C] respectively as  
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 Applying initial conditions, at 0xx = , ( ) ( )t,xFtx,F 0S2S2 =  and 
( ) ( )t,xGtx,G 0= , and at 0tt = , ( ) ( )0S2S2 tx,Ftx,F =  and ( ) ( )0tx,Gtx,G = , the t 
and x-evolution equations for the singlet and gluon structure functions in NLO 
come as   
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where 40304030 FandF,g,g  are the values of 4343 FandF,g,g at 0xx = .  The 
t and x-evolution equations of deuteron structure function from the equations 
(4.22) and (4.23) are respectively   
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4.2 Results and Discussion 
 We have compared our result of deuteron and proton structure functions 
with the data sets measured by the NMC [71] in muon-deuteron DIS from the 
merged data sets at incident momenta 90, 120, 200 and 280 GeV2 and also with 
the data sets measured by the Fermilab E665 [72] Collaboration in muon-
deuteron DIS at an average beam energy of 470 GeV2. For our phenomenological 
analysis we have considered the data sets of deuteron and proton structure 
functions in the range what the NMC and E665 collaborations provide at low-x. 
We considered the QCD cut-off parameter as 
MS
Λ (Nf = 4) = 323 MeV for ( )2zs Mα  
= 0.119 ± 0.002 [73]. We have compared our result of t-evolution of gluon 
structure function in NLO with GRV1998LO [78] and GRV1998NLO [78] global 
parametrizations and the result of x-evolution with MRST2001 [73], MRST2004 
[75], GRV1998LO [78] and GRV1998NLO [78] global parametrizations at 
medium to high-Q2 range. Along with the NLO results, we also presented our 
LO results from Chapter 3. 
 
 The graphs ‘our result’ represent the best fit graph of our work with 
different experimental data sets and parameterization graphs. Data points at 
lowest-Q2 values are taken as input to test the t-evolution equations and data 
points at x < 0.1 is taken as input to test the x-evolution equations. The 
comparisons of our results with experimental data sets and parameterization 
graphs are made for λS=λNS=λG= constant. Since the value of λS, λNS and λG 
should be close to 0.5 in low-x. We have taken  λS=λNS=λG=0.5.  
  
 In Figure 4.1, we plot T(t)2 and T0T(t) against Q2 in the Q2 range 0 ≤ Q2≤ 30 
GeV2 as required by our data used for deuteron and proton structure functions. 
Here we observe that for T0 = 0.108, errors become minimum in the Q2 range 
0.75 ≤ Q2≤ 27 GeV2.  
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Figure 4.1:  The variation of T(t)2 and T0T(t) with Q2. 
 
  
 In Figure 4.2, we plot T(t)2 and T0T(t) against Q2 in the Q2 range 0 ≤ Q2≤ 
200 GeV2 as required by our data used for gluon structure function. Here we 
observe that for T0 = 0.05, errors become minimum in the Q2-range 10 ≤ Q2≤ 200 
GeV2.  
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Figure 4.2: The variation of T(t)2 and T0T(t) with Q2. 
 
 
 Figures 4.3(a-b) represent our result of t-evolution of deuteron structure 
function for the representative values of x in NLO from equation (4.13) 
compared with NMC and E665 data sets. The best fitted graphs were found for 
λS = 0.5, 21<a<57 and b=2. We have seen that with increase of x, K(x) decreases. 
For K(x) =axb, we get the best fit result of t-evolution of deuteron structure 
function.  
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Figure 4.3: t -evolution of deuteron structure function in NLO for the 
representative values of x. Data are scaled up by +0.15i (i=0, 1, 2, 3) for 
NMC data set and by +0.3i (i=0, 1, 2, 3) for E665 data set starting from 
bottom graph.  
  
 Figures 4.4(a-b) represent our result for x-evolution of deuteron structure 
function for the representative values of Q2 in NLO from equation (4.14) 
compared with NMC and E665 data sets. For K(x) =axb and cedx, we get the best 
fit result of x-evolution of deuteron structure function. The best fitted graphs 
were found for λS = 0.5, 1<a<1.8 and b=1 in the x-Q2 range of our discussion. 
Same graphs are observed for λS = 0.5, 0.8<c<1.4 and d=1. 
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Figure 4.4: x -evolution of deuteron structure function in NLO for the 
representative values of Q2. Data are scaled up by +0.3i (i=0, 1) for both 
NMC and E665 data sets starting from bottom graph. 
  
 Figures 4.5(a-b) represent our results for t-evolution of proton structure 
function for the representative values of x in NLO from equation (4.15) 
compared with NMC and E665 data sets. Comparison of our result with the data 
sets for λS=λNS= 0.5, 30<a<63 and b=2 gives a good consistency. But the 
comparison of t-evolution of proton structure function with experimental data 
sets does not fit well for K(x) = K and cedx. So we present only the results with 
K(x) =axb. 
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Figure 4.5: t-evolution of proton structure function in NLO for the 
representative values of x. Data are scaled up by +0.2i (i=0, 1, 2, 3) for both 
NMC and E665 data sets starting from bottom graph. 
  
 Figures 4.6(a-b) represent our results for x-evolution of proton structure 
function for the representative values of Q2 in NLO from equation (4.16) 
compared with NMC and E665 data sets. Comparison of our result with the data 
sets for λS=λNS= 0.5, 5<a<15 and b=2 is good in the x-Q2 range of our discussion.  
Here also the comparison of x-evolution of proton structure function with 
experimental data sets does not fit well for K(x) = K and cedx. So we present only 
the results with K(x) =axb. 
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Figure. 4.6. x-evolution of proton structure function in NLO for the 
representative values of Q2.  Data are scaled up by +0.3i (i=0, 1) for both NMC 
and E665 data sets starting from bottom graph. 
  
 Figure 4.7 represents our best fit graphs for both LO and NLO results for 
x-evolution of deuteron structure function from equations (3.26) and (4.14) 
respectively with NMC data set. In case of LO, the best fitted results are 
obtained for λS=0.5, K=7, a=7, b=0.001, c=10, d=0.1 at Q2=20 GeV2 and for λS=0.5, 
K=6.5, a=6.5, b=0.001, c=8.5, d=0.1 at Q2=27 GeV2. In case of NLO, best fitted 
results are obtained for λS=0.5, T0=0.108, a=1, b=1, c=0.8, d=1 at Q2=20 GeV2 and 
for λS=0.5, T0=0.108, a=1.05, b=1, c=0.85, d=1 at Q2=27 GeV2. It is seen that NLO 
plots in the figure have good exponential look than the LO plots.  
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Figure 4.7: x-evolution of deuteron structure function from both our LO 
and NLO results for the representative values of Q2 with NMC data set. 
Data are scaled up by +0.3i (i=0, 1) starting from bottom graph. 
  
 Figures 4.8(a-f) represent the sensitivity of the parameters T0, λS, a, b, c 
and d in NLO. We have presented the results of sensitivity with our best fitted 
graph of x-evolution of deuteron structure function from equation (4.14) with 
the data set of NMC. The curves shift upwards when values of T0, a, c, or d are 
increased and moves downwards when values of T0, a, c, or d are decreased. If 
the values of λS or b increased or decreased the curves goes downwards or 
upwards respectively. We found the ranges of the parameters as 0.128≤T0≤0.088, 
0.4≤λS≤0.6, 1.1≤a≤0.9, 1.15≤b≤0.85, 0.87≤c≤0.73 and 1.1≤d≤0.9 for best fitting with 
the data. 
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Figure 4.8: Sensitivity of the parameters T0, λS, a, b, c and d respectively at 
Q2 = 20 GeV2 with the best fit graph of our results with NMC data. 
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We found that the gluon structure function remains almost same for 
b<0.00001 and d<0.00001. So, we have chosen b = d = 0.00001 for our calculation 
and the best fit graphs are observed by varying the values of K, a and c. Figure 
4.9 represents our result of t-evolution of gluon structure function in NLO from 
equation (4.11) with GRV1998NLO global parameterization at  x=10–4 for K(x) = 
K. We have also compared our results for K(x) = axb and cedx. K=a=c=0.4 gives 
the best fitted graphs.  
 
x=0.0001, λG=0.5, K(x)=K=0.4, T0=0.05
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Figure 4.9: t-evolution of gluon structure function in NLO for the 
representative values of x presented with GRV1998NLO global 
parameterization at x= 410− . 
  
 Figures 4.10(a-b) represent our result of x-evolution of gluon structure 
function in NLO from equation (4.12) for K(x) = K with GRV1998NLO global 
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parameterization at Q2 = 20 and 40 GeV2 respectively. For K = - 0.34 at Q2 = 
20GeV2 and K = - 0.27 at Q2 =40 GeV2, we get the best fitted graphs. When 
compared our results for K(x) = axb and cedx, we found the same graph with 
a=c= - 0.34 at Q2 = 20GeV2 and a=c= - 0.27 at Q2 =40 GeV2. 
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Figure 4.10: x-evolution of gluon structure function in NLO with 
GRV1998NLO global parameterization for the representative values of Q2. 
  
 Figures 4.11(a-b) represent our result of x-evolution of gluon structure 
function in NLO from equation (4.12) for K(x) = K with GRV1998NLO global 
parameterization at Q2 = 60 and 100 GeV2 respectively. For K = - 0.27 at Q2 =60 
GeV2 and Q2 =100 GeV2, we get the best fitted graphs. When compared our 
results for K(x) = axb and cedx, we found the same graph with a=c= - 0.27 at Q2 
=60 GeV2 and Q2 =100 GeV2. 
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Figure 4.11:  x-evolution of gluon structure function in NLO with 
GRV1998NLO global parameterization for the representative values of Q2. 
 
 Figures 4.12(a-b) represent our result of x-evolution of gluon structure 
function in NLO from equation (4.12) for K(x) = K with MRST2004 and 
GRV1998LO global parameterizations at Q2 = 100 and 20 GeV2 respectively. 
Along with NLO results we have also presented our LO results from chapter 3. 
We get the best fitted graphs for NLO with K = - 0.3 for Q2 =100 GeV2 and       
with K= - 0.19 for Q2 =20 GeV2. We also compared our results for K(x) = axb and 
cedx and found the same graphs as for K (x) = K. For a=c= - 0.3 at Q2 = 100GeV2 
and a=c= - 0.19 at Q2 =20 GeV2, we get the best fitted graphs.  
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Figure 4.12:  x-evolution of gluon structure function both in LO and NLO 
with MRST2004 and GRV1998LO global parameterizations for the 
representative values of Q2. 
 
 Figures 4.13(a-b) represent our result of x-evolution of gluon structure 
function in NLO from equation (4.12) for K(x) = K with GRV1998LO global 
parameterization at Q2 = 40 and 80 GeV2 respectively. K = - 0.19 corresponds the 
best fitted graphs for both Q2 =40 GeV2 and Q2 =80 GeV2. We also compared our 
results for K(x) = axb and cedx and found the same graphs as for K (x) = K. In this 
case for a=c= - 0.19 at Q2 =40 GeV2 and Q2 =80 GeV2, we get the best fitted 
graphs. From both the plots of LO and NLO from our result it is seen that the 
NLO results follows the global parameterization graphs more closely than the 
LO results. 
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Figure 4.13:  x-evolution of gluon structure function both in LO and NLO 
with GRV1998LO global parameterizations for the representative values of 
Q2. 
 Figures 4.14(a-d) represent the sensitivity of the parameters λG, K, b and d 
respectively. Taking the best fit graph of our result of x-evolution of gluon 
structure function from equation (4.12) in NLO compared with GRV1998NLO 
global parameterization at Q2 = 100 GeV2, the ranges of the parameters are 
found as 0.48≤λG≤0.52, -0.2≤K≤-0.34, 0.00001≤b≤0.01, and 0.00001≤d≤0.5. We also 
checked the ranges of the parameters a and c and found the same graph as that 
for K. The ranges are found as -0.2≤ a ≤-0.34 and -0.2≤ c≤-0.34. 
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(a) Q2=100 GeV2, K=- 0.27, T0=0.05
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Figure 4.14: Sensitivity of the parameters λG, K, b and d respectively at Q2 
= 100 GeV2 with the best fit graph of our results for x-evolution of gluon 
structure function in NLO with GRV1998NLO global parameterization. 
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 The t and x-evolutions of singlet and gluon structure functions at low-x, 
obtained by solving coupled DGLAP evolution equations in NLO applying 
Regge behaviour of structure functions are given by equations (4.22) to (4.25) 
respectively. Along with NLO results we have also presented our LO results 
from chapter 3. 
  
 Figures 4.15(a-b) represent our result of t-evolution of deuteron structure 
function in NLO from equation (4.26) compared with NMC and E665 data sets 
respectively. In figure 4.15(a) we compared our result for t-evolution of 
deuteron structure function in NLO keeping λS fixed at 0.5 with NMC data set 
and the best fitted results are observed by varying the value of λG. In the range 
0.0045≤x≤0.0175, 0.62≤λG ≤0.85 correspond to the best fitted graphs. In figure 
4.15(b), we compared our result for t-evolution of deuteron structure function in 
NLO keeping λS fixed at 0.5 with E665 data set. In the range 0.00693≤x≤0.0173, 
0.63≤λG≤0.9 correspond the best fitted graphs.  
 
 Figures 4.16(a-b) represent our result of x-evolution of deuteron structure 
function in NLO from equation (4.27) compared with NMC and E665 data sets 
respectively. In figure 4.16(a), λS=0.5, λG=0.7 and T0=0.108 correspond the best 
fitted graphs for the range 20GeV2≤Q2≤27GeV2. In figure 4.16(b), we compared 
our result for x-evolution of deuteron structure function in NLO keeping λG 
fixed at 0.5 with E665 data set and the best fitted results are observed by varying 
the value of λS. In the range 18.323GeV2≤Q2≤25.061GeV2, 0.3≤λS ≤0.6 correspond 
to the best fitted graphs.  
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Figure 4.15: t -evolution of deuteron structure function both in LO and 
NLO at low-x which is obtained by solving coupled equations, compared 
with NMC and E665 data sets for the representative values of x. Data are 
scaled up by +0.15i (i=0, 1, 2, 3) for NMC data set and by +0.3i (i=0, 1, 2, 3) 
for E665 data set starting from bottom graph.  
 
                
 105
(a) λS=0.5, λG=0.7,T0=0.108
0.32
0.36
0.4
0.44
0.48
0.52
0.56
0.6
0.64
0.68
0.72
0.04 0.08 0.12
x
F 2
d (
x,
 Q
2 )
NMC
Our Result(LO)
Our Result(NLO)
Q2=20 GeV2
Q2=27 GeV2
 
(b) λG=0.5,T0=0.108
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
0 0.05 0.1 0.15
x
F 2
d (
x,
 Q
2 )
E665
Our Result(LO)
Our Result(NLO)
Q2=25.061 GeV2
λS=0.3
Q2=18.323 GeV2
λS=0.6
Figure 4.16: x -evolution of deuteron structure function in NLO at low-x 
which is obtained by solving coupled equations, compared with NMC and 
E665 data sets for the representative values of Q2. Data are scaled up by 
+0.3i (i=0, 1) for both NMC and E665 data sets starting from bottom graph. 
 
 Figure 4.17 represents our result for t-evolution of gluon structure 
function from equation (4.24) compared with GRV1998NLO global 
parameterization. We get the best fitted graph for λS =0.5, λG =0.45 and T0=0.05 
for x=0.0001.  
 Figures 4.18(a-b) represent our result for x-evolution of gluon structure 
function in NLO from equation (4.25) compared with GRV1998NLO global 
parameterization. We get the best fitted graphs for λS=0.5, λG =0.33 at Q2 =20 
GeV2 and λS=0.5, λG =0.31 at Q2 =40 GeV2. 
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Figure 4.17: t-evolution of gluon structure function in NLO obtained by 
solving coupled equations in NLO, compared with GRV1998NLO global 
parameterization graph for the representative values of x. 
 
(a) Q2=20 GeV2,λS=0.5,λG=0.33,T0=0.05
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(b) Q2=40 GeV2,λS=0.5,λG=0.31,T0=0.05
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Figure 4.18: x -evolution of gluon structure function in NLO obtained by 
solving coupled equations in NLO compared with GRV1998NLO global 
parameterization graphs for the representative values of Q2. 
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 Figures 4.19(a-b) represent our result for x-evolution of gluon structure 
function in NLO from equation (4.25) compared with GRV1998NLO global 
parameterization. In this case for λS=0.5, λG =0.33 at Q2 =60 GeV2 and λS=0.5, 
λG =0.31 at Q2 =100 GeV2 correspond the best fitted graphs. 
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(b) Q2=100 GeV2, λS=0.5, λG=0.31
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Figure 4.19: x -evolution of gluon structure function in NLO obtained by 
solving coupled equations, compared with GRV1998NLO global 
parameterization graphs for the representative values of Q2. 
 
  Figures 4.20(a-b) represent our result of t-evolution of gluon structure 
function in NLO from equation (4.24) compared with GRV1998LO global 
parameterization. λS =0.5, λG =0.48 correspond the best fitted graphs at 
x=0.00001 and  λS =0.5, λG = 0.5 correspond the best fitted graphs at x=0.0001. 
And with the best fitted parameters for NLO, we plotted our LO graphs and 
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from the both LO and NLO graphs it can be easily understood that NLO 
contribution is appreciable in our region of lower x for 0.5λλ GS ≅≅ . 
               
(a) x=0.00001, λS=0.5, λG=0.48
110
160
210
0 20 40 60 80
Q2(GeV2)
G
(x
,Q
2 )
Our Result(LO)
Our Result(NLO)
- - - -  GRV1998LO
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  Figure 4.20: t -evolution of gluon structure function in both LO and NLO 
obtained by solving coupled equations, compared with GRV1998LO 
global parameterization graphs for the representative values of x. 
 Figures 4.21(a-b) represent our result for x-evolution of gluon structure 
function from equation (4.25) in compared with MRST2001 and MRST2004 
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global parameterizations. We get the best fitted graph for λS = λG =0.5 at Q2 =20 
GeV2 of MRST2001 global parameterization and  λS =0.5, λG = 0.34 at Q2 =100 
GeV2 of MRST2004 global parameterization.  
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(b) Q2=100 GeV2, λS=0.5, λG=0.34
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Figure 4.21: x -evolution of gluon structure function in NLO obtained by 
solving coupled equations, compared with MRST2001 and MRST2004 
global parameterizations for the representative values of Q2. 
 
 Figures 4.22(a-b) represent our result for x-evolution of gluon structure 
function in NLO from equation (4.25) compared with GRV1998LO global 
parameterization. We get the best fitted graphs for λS = 0.5, λG =0.3 at both 
Q2 =40 GeV2 and Q2 =80 GeV2 of GRV1998LO global parameterization.  
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(a) Q2=40 GeV2, λS=0.5, λG=0.3
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(b) Q2=80 GeV2, λS=0.5, λG=0.3
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Figure 4.22: x -evolution of gluon structure function in NLO obtained by 
solving coupled equations, compared with GRV1998LO global 
parameterizations for the representative values of Q2. 
 
Figures 4.23(a-b) represent the sensitivity of the parameters λS and λG. Here we 
considered the best fitted x-evolution graph of gluon structure function in NLO 
from equation (4.25) compared with MRST2004 global parameterizations at 
Q2=100 GeV2. In figure 4.23(a), keeping λG fixed at 0.5, we found the range of the 
parameter λS as 0.3≤λS ≤0.7. In figure 4.23(b), keeping λS fixed at 0.5, we found 
the range of the parameter λG as 0.35≤λG ≤0.33. 
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Figure 4.23: Sensitivity of the parameters λS and λG at Q2 = 100 GeV2 with the best fit 
graph of our result of x-evolution of gluon structure function in NLO with MRST2004 
global parameterization. 
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4.3  Conclusion 
 
 In this chapter we have solved DGLAP evolution equations for singlet, 
non-singlet and gluon structure functions in NLO using Regge behaviour of 
spin-independent structure functions. Our results show that deuteron and 
proton structure functions are in good consistency with NMC and E665 
collaborations data sets and also the results of gluon structure function with 
MRST2001, MRST2004, GRV1998NLO and GRV1998LO global 
parameterizations. We have compared the x-evolution graphs for deuteron, 
proton and gluon structure functions from DGLAP evolution equations in both 
LO and NLO and for all of them NLO shows significantly better fitting to the 
data sets and parameterizations than that of in LO. So, the higher order terms in 
NLO has appreciable contribution in the region of low-x to the parton 
distribution function. The values of λS and λG are generally close to 0.5 as 
predicted by Regge theory.□ 
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                Chapter 5 
 
t and x- Evolutions of Spin-independent DGLAP 
Evolution Equations in Next-Next-to-Leading Order 
 
 
  Here we solved the spin-independent DGLAP evolution equation 
for singlet and non-singlet structure functions in next-next-to-leading order 
(NNLO) at low-x. The computation of the three-loop contributions to the 
anomalous dimensions is needed to complete the NNLO calculations for deep 
inelastic electron-nucleon scattering.  The one and two loop splitting functions 
have been known for a long time [61, 62, 89] and we presented these splitting 
functions in previous Chapters 3 and 4. The NNLO corrections should be 
included in order to arrive at quantitatively reliable predictions for hard 
processes at present and future high energy colliders. Recently the three loop 
splitting functions are introduced with a good phenomenological success [92-
95]. In this Chapter we present our solutions of spin-independent DGLAP 
evolution equations for singlet and non-singlet structure functions at low-x in 
NNLO considering Regge behaviour of structure functions. The t-evolutions of 
deuteron and proton structure functions thus obtained from singlet and non-
singlet structure functions have been compared with NMC and E665 data sets.  
 
 
5.1. Theory 
 
 The DGLAP evolution equations for singlet and non-singlet structure 
functions in NNLO are given as [92-94] 
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where the equations in LO and NLO are as given in Chapters 3 and 4 (equations 
3.1, 3.2, 4.1 and 4.2) with their respective kernels. The NNLO contributions are 
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with L0 = ln (ω) and L1 = ln(1-ω). Here results are from direct x-space evolution 
and ( ) ( ) ( ) ( ) ( )ωPandωP,ωP qg2PS2NS  are calculated using FORTRAN package [96]. 
Except for x-values very close to zero of ( )( )ωP 2NS , this parameterizations deviate 
from the exact expressions by less than one part in thousand, which can be 
consider as sufficiently accurate. For a maximal accuracy for the convolutions 
with quark densities, slight adjustment should do using low integer moments 
[93]. 
 Applying Regge behaviour of structure functions as given by equations 
(3.7) and (3.8) and the relation between singlet and gluon structure functions by 
equation (3.13), the solutions of spin-independent DGLAP evolution equations 
for singlet and non-singlet structure functions in NNLO come out as 
( ) ( )xHS2 7tCtx,F =                                                                                                  (5.3) 
and 
( ) ( )xHNS2 ttx,F 8C= ,                                                                                             (5.4) 
Where C is an arbitrary constant, 
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Similarly as in chapter 4, for possible solutions in NNLO, we have taken 
( ) ⎟⎟⎠
⎞⎜⎜⎝
⎛=
2π
(t)sαtT and the expression for T(t) upto LO correction with the assumptions 
T(t)2=T0T(t) and T(t)3=T0(T(t))2= T1T(t) [52, 65, 90], where T0 and T1 are numerical 
parameters. But T0 and T1 are not arbitrary. We choose T0, T1 such that 
difference between T2(t), T0 T(t) and T3(t), T1 T(t) are minimum in the region of 
our discussion (Figure 5.1).  
  
 Applying initial conditions at 0tt = , ( ) ( )0S2S2 tx,Ftx,F =  and 
( ) ( )0NS2NS2 tx,Ftx,F = , and at 0xx = , ( ) ( )t,xFtx,F 0S2S2 =  and 
( ) ( )t,xFtx,F 0NS2NS2 = , we find the t an x-evolutions for the singlet and non-
singlet structure functions from equations (5.3) and (5.4) in NNLO respectively 
as   
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 The t and x-evolutions of deuteron and proton structure functions 
corresponding to equations (5.5) to (5.8) are respectively   
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Here ( ) ( ) ( ) ( )t,xFandt,xFtx,Ftx,F 0p20d20p20d2 ,,  are the values of the structure 
functions ( ) ( )tx,Fandtx,F p2d2  at t =t0 and x=x0 respectively. 
 
 
5.2 Results and Discussion      
    We have compared our result of deuteron and proton structure functions 
with the data sets measured by the NMC [71] and E665 [72] Collaborations. We 
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choose the QCD cut-off parameter as 
MS
Λ (Nf = 4) = 323 MeV for ( )2zs Mα  = 
0.119± 0.002 [73] for the phenomenological analysis of our result. Along with the 
NNLO results we also presented our NLO and LO results from Chapters 3 and 
4. 
 
The comparisons of our results with experimental data sets are made for 
λS=λNS=0.5. We compared our results for K(x) = K, axb and cedx, where K, a, b, c 
and d are constants. Data points at lowest-Q2 values and at highest-x values (for 
x<0.1) are taken as input to test the evolution equations. In our work, we found 
the value of the deuteron and proton structure functions remain almost same for 
b<0.00001 and for d<0.00001. So, we have chosen b = d = 0.00001 for our analysis 
and the best fit graphs are observed by varying the values of K, a and c.  
 
In Figure 5.1, we have plotted both T(t)2, T0T(t) and T(t)3, T1T(t) against Q2 
where Q2 range is 0.5 ≤ Q2≤ 30 GeV2. From the plots it is obvious that errors 
become minimum for T0 = 0.05 and T1 = 0.0028.  
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Figure 5.1: The variation of T2(t), T0.T(t) and T3(t), T1.T(t) with Q2. 
 
  Figure 5.2 represents our result of t-evolution of deuteron structure 
function from equation (5.9) for K (x) = cedx with NMC data set. For     - 0.778 <c 
< - 0.6145 we get the best fit results. Same graphs are found for K(x) =K and axb 
and in this case the best fit results are found for -0.778 <K< - 0.6145 and - 0.778 
<a< - 0.6145.  
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λs=0.5,T0=0.05, T1=0.0028, K(x)= cedx, d=0.00001
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Figure 5.2: t -evolution of deuteron structure function in LO, NLO and 
NNLO compared with NMC data set for the representative values of x. 
Data are scaled up by +0.3i (i=0, 1, 2, 4) starting from bottom graph. 
 
 Figure 5.3 represents our result of t-evolution of deuteron structure 
function from equation (5.9) for K (x) = cedx with E665 data set. We get the best fit 
results for - 0.775 <c< - 0.634. Same graphs are found for K(x) =K and axb with   - 
0.775 <K< - 0.634 and - 0.775 <a< - 0.634.  
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λS=0.5,T0=0.05, T0=0.0028, K(x)=cedx, b=0.00001
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Figure 5.3: t -evolution of deuteron structure function in LO, NLO and 
NNLO compared with E665 data set for the representative values of x. 
Data are scaled up by +0.3i (i=0, 1, 2, 4) starting from bottom graph. 
 
 Figure 5.4 represents our result of t-evolution of proton structure function 
from equation (5.11) for K (x) = cedx with NMC data set. We get the best fit 
results for - 0.755<c< - 0.6085. Same graphs are found for K(x) =K and axb  with - 
0.755<K< - 0.6085 and - 0.755<a< - 0.6085.  
 
                
 122
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Figure 5.4: t -evolution of proton structure function in LO, NLO and 
NNLO compared with NMC data set for the representative values of x. 
Data are scaled up by +0.3i (i=0, 1, 2, 4) starting from bottom graph. 
 
 Figure 5.5 represents our result of t-evolution of proton structure function 
from equation (5.11) for K (x) = cedx with E665 data set. For - 0.755<c< - 0.617 we 
get the best fit results. Same graphs are found for K(x) =K and axb  with - 
0.755<K< - 0.617 and - 0.755<a< - 0.617.  
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λS=λNS=0.5, T0=0.05, T1=0.0028,  k=-cedx, d=0.00001 
0.2
0.7
1.2
1.7
2.2
0 2 4 6 8 10 12 14
Q2(GeV2)
F2
P (
x,
Q
2 )
E665
Our Result(NNLO)
Our Result(NLO)
Our Result(LO)
x=0.0173
c=0.755
x=0.01225
c=0.712
x=0.00893
c=0.663
x=0.00693
c=0.617
 
Figure 5.5: t -evolution of proton structure function in LO, NLO and 
NNLO compared with E665 data set for the representative values of x. 
Here data are scaled up by +0.4i (i=0, 1, 2, 3) starting from bottom graph. 
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5.3 Conclusion     
 
  In this chapter, we have considered the Regge behaviour of spin-
independent singlet and non-singlet structure functions in NNLO to solve 
DGLAP evolution equations and presented approximate analytical solutions of 
these equations.  We have seen that the results of t-evolutions of deuteron and 
proton structure functions are in good consistency with the NMC and E665 
collaboration data sets. Since T1 is much smaller than T0, as from equations (5.9) 
to (5.12), we expect NNLO contributions to the DGLAP evolution equations 
should be small. But from the comparison of t-evolution graphs of our results of 
LO, NLO and NNLO, it is seen that NNLO corrections have significant effect. 
Though we have simplified our solution through numerical variables T0 and T1, 
but they are not chosen arbitrarily.□ 
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     Chapter 6 
 
 
t and x-Evolutions of Spin-dependent DGLAP 
Evolution Equations in Leading Order 
 
 
  DIS of polarized electrons and muons off polarized targets has been used 
to study the internal spin structure of the nucleon. The most abundant and 
accurate experimental information we have so far comes from the so called 
longitudinal spin-dependent structure function g1 which is obtained with 
longitudinally polarized leptons on longitudinally polarized protons, deuterons, 
and 3He targets and it allows separate determination of spin-dependent 
deuteron, proton and neutron structure functions [97-104].  
 
 Here we have presented our solutions of spin-dependent DGLAP 
evolution equations for singlet, non-singlet and gluon structure functions at 
low-x in LO considering Regge behaviour of spin-dependent structure functions 
at this limit. We solved each equation for singlet, non-singlet and gluon 
structure functions and also the coupled equations for singlet and gluon 
structure functions. The evolutions of deuteron, proton and neutron structure 
functions thus obtained have been compared with SLAC-E-154, SLAC-E-143 and 
SMC collaborations data sets. And the evolution of gluon structure function has 
been compared with the result obtained by numerical method.  
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6.1 Theory 
 
 The spin-dependent DGLAP evolution equations for singlet, non-singlet 
and gluon structure functions [60, 104, 105] in LO are respectively 
( ) ( ) 0,tx,J
2
tα
t
t)(x,g S
1
S
S
1 =π−∂
∂                                                                                           (6.1) 
( ) ( ) 0tx,J
2
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2
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t
t)G(x, G
1
S =π−∂
Δ∂                                                                              (6.3) 
where NS1
S
1 g,g  and GΔ are the spin-dependent singlet, non-singlet and gluon 
structure functions  respectively, 
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 Spin-dependent deuteron, proton and neutron structure functions 
interms of spin-dependent singlet, non-singlet and gluon structure functions 
[60] can be written as  
,t)(x,g
9
5t)(x,g S1
d
1 =                                                                                                     (6.4)                        
t)(x,g
18
5t)(x,g
18
3t)(x,g S1
NS
1
p
1 +=                                                                             (6.5) 
and 
.)t,x(
18
3)t,x(
18
5)t,x( NS1
S
1
n
1 ggg −=                                                                          (6.6)                        
  
 The low-x behaviour of spin-dependent structure functions for fixed-Q2 is 
the Regge limit of the spin-dependent DIS where the Regge pole exchange 
model should be applicable [49, 106-112]. The Regge behaviour for spin-
dependent singlet, non-singlet and gluon structure functions has the general 
form ( ) ( ) iβii xtTtx,A −= [18, 60, 113], where Ai(x, t) are the structure functions, 
( )tTi are some functions of t and βi are the respective Regge intercepts of the 
trajectory. Let us take βi's as βS, βNS and βG for the spin-dependent singlet, non-
singlet and gluon structure functions respectively. Hence 
( ) S -x, β4S1 (t)T=txg ,                                                                                (6.7) 
( ) NS -x, β(t)T=txg 5NS1                                                                                            (6.8) 
and 
( ) ( ) G -6 xtTtx,G β=Δ .                                                                                      (6.9) 
Therefore, 
( ) ( ) SSS ωt ,xgxωtTt ,xg S14S1 ββ−β ==⎟⎠
⎞⎜⎝
⎛
ω ,                                                    (6.10) 
( ) ( ) NSNSNS ωt ,xgxωtTt ,xg NS15NS1 ββ−β ==⎟⎠
⎞⎜⎝
⎛
ω                                               (6.11) 
and 
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( ) GGG ωt)G(x,xωtTt ,xG 6 ββ−β Δ==⎟⎠
⎞⎜⎝
⎛
ωΔ ,                                                          (6.12) 
where T4(t), T5(t) and T6(t) are functions of t, and βS, βNS and βG are the Regge 
intercepts for spin-dependent singlet, non-singlet and gluon structure functions 
respectively. This form of Regge behaviour is well supported by the work 
carried out by namely Ziaja [111], Soffer and Teryaev [58] and Badelek and 
Kwiecinski [112].  
 
 The DGLAP evolution equations of spin-dependent singlet, non-singlet 
and gluon structure functions given by equations (6.1) to (6.3) are in the same 
forms of derivative with respect to t, so the relation between singlet and gluon 
structure functions will come out in terms of x at fixed-Q2. So, similarly as the 
spin-independent cases, we can consider for spin-dependent case also the ansatz 
[113] 
( ) ( ) ( )tx,gxKt x,G s1=Δ                                                                                                         (6.13) 
for simplicity, where K(x) is a parameter to be determined from 
phenomenological analysis and we assume K(x) = K, axb or ce dx, where K, a, b, c 
and d are constants.  
 
 Putting equations (6.7), (6.10) and 6.13) in equation (6.1) we arrive at  
( ) ( ) ( ) 0xJ
t
t x,g
t
t x,g
1
S
1
S
1 =−∂
∂ ,                                                                                  (6.14)  
where 
( ) ( ){ } ( ){ }
( ){ } ,dωωxKω1ωN
2
3
2ωω1
ω1
dω2x1ln43AxJ
1
x
22
f
1
x
2
f1
S
S
⎥⎥⎦
⎤
⎟⎠
⎞⎜⎝
⎛
ω−−+
⎢⎢⎣
⎡
−+−+−+=
∫
∫
β
β
 
Integrating equation (6.14) we get   
( ) ( )xJS1 1tCtx,g = ,                                                                                                    (6.15)  
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where C is a constant of integration and ( )ff 2N334A −= . At 0tt = , equation 
(6.15) gives 
( ) ( )xJ00S1 tCtx,g 1= .                                                                                              (6.16) 
From equations (6.15) and (6.16) we get 
( ) ( )
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1 t
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⎛= ,                                                                                 (6.17) 
which gives the t-evolution of spin-dependent singlet structure function in LO. 
Again at 0xx = , equation (6.15) gives   
( ) ( )0xJ0S1 tCt,xg 1= .                                                                                              (6.18) 
From equations (6.15) and (6.18), we get 
( ) ( ) { })x(J)x(J0S1S1 11tt,xgtx,g 0−= ,                                                                 (6.19) 
which gives the x-evolution of spin-dependent singlet structure function at LO.  
Similarly we get the solution of spin-dependent DGLAP evolution equations for 
non-singlet and gluon structure functions in LO at low-x from the standard 
DGLAP evolution equations (6.2) and (6.3) respectively as  
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 The t and x-evolutions of spin-dependent non-singlet structure function 
in LO at low-x are given as 
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 The t and x-evolution equations of spin-dependent deuteron, proton and 
neutron structure functions from equations (6.17), (6.19), (6.22), and (6.23) are 
respectively   
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Here ( ) ( ) ( ) ( ) ( ) ( )t,xgandt,xgt,xgtx,gtx,gtx,g 0n10p10d10n10p10d1 ,,,,  are the 
values of the spin-dependent structure functions ( ) ( ) ( )tx,gandtx,gtx,g n1p1d1 ,  
at 0tt =  and 0xx =  respectively. 
 Similarly the t and x-evolutions of spin-dependent gluon structure 
functions in LO at low-x are given as 
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 Now ignoring the quark contribution to the gluon structure function we 
get from the standard DGLAP evolution equation (6.3) 
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By the same procedure as above, we get the t and x-evolution equations for the 
spin-dependent gluon structure function ignoring the quark contribution in LO 
at low-x respectively as   
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 Same as in the spin-independent case, here also the actual functional form 
of K(x) can be determined by simultaneous solutions of coupled equations of 
spin-dependent singlet and gluon structure functions. So to overcome the 
assumption of the ad hoc function K(x), we have to derive the solution of 
coupled DGLAP evolution equations for spin-dependent singlet and gluon 
structure functions at low-x in LO considering Regge behaviour of structure 
functions. We get the solution of coupled DGLAP evolution equations for spin-
dependent singlet and gluon structure functions in LO at low-x [Appendix C], 
respectively as 
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Then we find the t and x-evolution equations for the spin-dependent singlet and 
gluon structure functions in LO respectively as   
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and 
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where 60506050 FandF,g,g  are the values of 6565 FandF,g,g at 0xx = .  The 
t and x-evolution equations of spin-dependent deuteron structure function from 
equations (6.37) and (6.38) are respectively   
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6.2 Results and Discussion 
  
 In this chapter, we have compared the results of t and x-evolutions of 
spin-dependent deuteron, proton and neutron structure functions in LO with 
different experimental data sets measured by the SLAC-E-143 [114], SLAC-E-154 
[115] and SMC [116] collaborations and the result of x-evolution of spin-
dependent gluon structure function in LO with the graph obtained by numerical 
method [111]. The SLAC-E-143 collaborations data sets give the measurement of 
the spin-dependent structure function of deuteron, proton and neutron in deep 
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inelastic scattering of spin-dependent electrons at incident energies of 9.7, 16.2 
and 29.1 GeV on a spin-dependent Ammonia target. Data cover the kinematical 
x range 0.024 to 0.75 and Q2-range from 0.5 to 10 GeV2. The SMC collaborations 
data sets give the final results of measurements of the virtual photon asymmetry 
of deuteron and proton and the spin-dependent deuteron and proton structure 
functions in DIS of 100 GeV and 190 GeV spin-dependent muons on spin-
dependent deuterons and protons. The data cover the kinematic range of x from 
0.0008 to 0.7 and Q2-range from 0.2 to 100 GeV2. The SLAC-E-154 collaborations 
data set give the measurement of the spin-dependent structure function of the 
neutron in DIS spin-dependent electrons at an incident energy of 48.3 GeV on a 
spin-dependent Helium-3 target. Data cover the kinematical x-range 0.014 to 0.7 
and mean Q2-range from 1 to 17 GeV2. 
  
 The graphs ‘our result’ represent the best fit graph of our work with 
different experimental data sets and numerical result. Data points at lowest-Q2 
values are taken as input to test the t-evolution equations and data points at      
x<0.1 is taken as input to test the x-evolution equations. We have compared our 
results for K(x) = K, axb and cedx. Since K(x) is a function of x only, in our 
analysis the t-evolution of deuteron, proton and neutron structure functions do 
not show significant change with the variation of the form of K(x). Here we have 
presented the result of t-evolution of spin-dependent deuteron, proton and 
neutron structure functions for K(x) = axb. For x-evolution of spin-dependent 
deuteron and gluon structure functions, we found that K(x) = axb correspond the 
best fit graphs whereas for x-evolution of spin-dependent proton and neutron 
structure functions K(x)=cedx correspond the best fit graphs. The values of βS, βΝS 
and βG should be close to 0.5 in quite a broad range of x [41]. We have taken βS = 
βΝS = βG = β = 0.5 in our analysis. 
 Figure 6.1, represents our result of t-evolution of spin-dependent 
deuteron structure function in LO from equation (6.24) for βS = 0.5 compared 
with SLAC-E-143 data set for representative values of x and the best fit result is 
found for a=1 and b= - 0.75. 
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K(x)=axb, a=1, b=-0.75, β S=0.5
-0.1
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
1 2 3 4 5 6
Q2(GeV2)
g1
d (
x,
 Q
2 ) 
SLAC-E-143
Our Rresult
x=0.071
x=0.09
x=0.056
 
Figure 6.1: t -evolution of spin-dependent deuteron structure function in 
LO at low-x compared with SLAC-E-143 experimental data points. Data 
are scaled up by +0.2i (i=0, 1, 2) starting from bottom graph. 
 Figure 6.2(a-b) represent our result of x-evolution of spin-dependent 
deuteron structure function in LO from equation (6.25) compared with SLAC-E-
143 and SMC collaborations data sets for representative values of Q2. 
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(a) Q2=5 GeV2, βS=0.5, K(x)=axb, a=1, b=-0.72
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(b) Q2=10 GeV2, βS=0.5, K(x)=axb, a=1, b=-0.5, βS=0.5
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Figure 6.2: x -evolution of spin-dependent deuteron structure function in 
LO at low-x for the representative values of Q2 compared with SLAC-E-
143 and SMC collaborations data sets. 
Figure 6.2(a) represents the comparison of the result with SLAC-E-143 
collaborations data set for Q2= 5 GeV2. In this case for a=1 and b= - 0.72, we get 
the best fit result. Figure 6.2(b) represents the comparison with SMC 
collaborations data set for Q2= 10 GeV2. In this case for a=1 and b = - 0.5, we get 
the best fit result.                                                                                                                                     
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(a) Q2=10 GeV2, βS=0.5, K(x)=axb, b=-0.5
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(b) Q2=10 GeV2, βS=0.5, K(x)=axb, a=1
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Figure 6.3: Sensitivity of the parameters a and b respectively at Q2 = 10 GeV2 
with the best fit graphs of the results with SMC collaborations data set. 
 Figures 6.3(a-b) represents the sensitivity of the parameters a and b 
respectively. Taking the best fit figures to the x-evolution of spin-dependent 
deuteron structure function from equation (6.25) compared with SMC 
collaborations data set at Q2 = 10 GeV2, we have given the ranges of the 
parameters as  0.7 ≤ a ≤ 1.3 and -0.54 ≤ b ≤ - 0.46.    
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 Figure 6.4 represents the result of t-evolution of spin-dependent proton 
structure function in LO from equation (6.26) for βS = βΝS = 0.5 with SLAC-E-143 
data set for representative values of x and the best fit result is found for a=1 and 
b= - 0.55. 
K(x)=axb, a=1, b=-0.55, βS=βNS=0.5
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Figure 6.4: t -evolution of spin-dependent proton structure function in LO 
at low-x compared with SLAC-E-143 experimental data points. Data are 
scaled up by +0.3i (i=0, 1, 2) starting from bottom graph. 
 Figure 6.5(a-b) represents the result of x-evolution of spin-dependent 
proton structure function in LO from equation (6.27) for K(x) = cedx with SLAC-
E-143 and SMC collaborations data sets. 
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(a) Q2=5 Gev2, βS=βNS=0.5, K(x)=cedx,  c=6.5, d=- 5 
0.15
0.2
0.25
0.3
0.35
0.4
0.45
0.5
0 0.05 0.1 0.15 0.2 0.25
x
g 1
p (
x,
 Q
2 )
SLAC-E-143
Our Result
                                    
        
(b) Q2=10 GeV2, βS=βNS=0.5, K(x)=cedx,  c=6.5, d=- 5 
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Figure 6.5: x -evolution of spin-dependent proton structure function in 
LO at low-x for the representative values of Q2 compared with SLAC-E-
143 and SMC collaborations data sets. 
Figure 6.5(a) represent the comparison of the result with SLAC-E-143 
collaborations data set for Q2= 5 GeV2. And figure 6.5(b) shows the comparison 
with SMC collaborations data set for Q2= 10 GeV2. For c=6.5 and d= - 5 we get 
the best fit results for both the cases.  
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 In Figure 6.6, we have compared the result of t-evolution of spin-
dependent neutron structure function in LO from equation (6.28) for βS = βΝS = 
0.5 with SLAC-E-143 data set for K(x) = axb for representative values of x and 
the best fit result is found for a=1 and b= - 0.42. 
 
K(x)=axb, a=1, b=-0.42, βS=βNS=0.5
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Figure 6.6: t -evolution of spin-dependent neutron structure function in 
LO at low-x compared with SLAC-E-143 experimental data points. Data 
are scaled up by +0.3i (i=1, 4) starting from bottom graph. 
 
 Figure 6.7(a-b) represent the result of x-evolution of spin-dependent 
neutron structure function in LO from equation (6.29) compared with SLAC-E-
154 and SLAC-E-143 collaborations data sets and in both the cases, for c=15 and 
d= - 5 we get the best fit results. 
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(a) Q2=5 GeV2, βS=βNS=0.5, K(x)=cedx,  c=10, d=- 5 
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(b) Q2=5 Gev2, βS=βNS=0.5, K(x)=cedx,  c=15, d=- 5 
-0.5
-0.4
-0.3
-0.2
-0.1
0
0.04 0.05 0.06 0.07 0.08 0.09 0.1 0.11 0.12
x
g 1
n (
x,
 Q
2 )
SLAC-E-143
Our Result
 
Figure 6.7: x -evolution of spin-dependent neutron structure function 
in LO at low-x for the representative values of x compared with SLAC-E-
154 and SLAC-E-143 collaborations data sets. 
 Figures 6.8(a-b) represent the sensitivity of the parameters c and d 
respectively. Taking the best fit graphs of the x-evolution of spin-dependent 
neutron structure function from equation (6.29) compared with SLAC-E-143 
collaborations data set at Q2 = 5 GeV2, we observe the ranges of the parameters 
as  5 ≤ c ≤ 25 and -9 ≤ d≤ - 1.    
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(a) Q2=5 Gev2, βS=βNS=0.5, K(x)=cedx, d=- 5 
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(b) Q2=5 Gev2, βS=βNS=0.5, K(x)=cedx,  c=15
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Figure 6.8: Sensitivity of the parameters c  and d respectively at Q2 = 5 
GeV2 with the best fit graphs of the results with SLAC-E-143 
collaborations data set. 
 Figure 6.9 represent our result of x-evolution of spin-dependent gluon 
structure function in LO from equation (6.31) with the graph obtained by 
solving unified evolution equation by numerical method.  For a=0.01 and b= 
0.01 we get the best fit result.  
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Q2=10 GeV2, βG=0.5, K(x)=axb, a=0.01, b=0.01 
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Figure 6.9: x -evolution of spin-dependent gluon structure function in 
LO at low-x for the representative values of Q2 compared with the graph 
obtained by solving unified evolution equation by numerical 
method. 
 
 
 Figure 6.10 represents the result of t-evolution of deuteron structure 
function in LO with SLAC-E-143 collaborations data sets from equation (6.41).  
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Figure 6.10: t evolution of spin-dependent deuteron structure function in 
LO at low-x obtained by solving coupled equations, compared with 
SLAC-E-143 collaborations data set. 
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6.3 Conclusion       
      
 In this chapter by using Regge behaviour of spin-dependent structure 
functions at low-x, we have solved DGLAP evolution equations for singlet, non-
singlet and gluon structure functions in LO and derived the t and x-evolutions 
of spin-dependent deuteron, proton, neutron and gluon structure functions. To 
overcome the problem of ad hoc assumption of the function K(x) we solved 
coupled evolution equations for singlet and gluon structure functions. The 
results are in good consistency with SLAC-E-154, SLAC-E-143, SMC 
collaborations data sets for spin-dependent deuteron, proton and neutron 
structure functions and the result from numerical method for spin-dependent 
gluon structure function at low-x and high-Q2 region. We can conclude that 
Regge behaviour of spin-dependent quark and gluon structure functions are 
compatible with PQCD at that region assuming the Regge intercept almost same 
for both quark and gluon. The values of βS and βG are generally close to 0.5 as 
predicted by Regge theory. □ 
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Chapter 7 
 
 
t and x- Evolutions of Spin-dependent DGLAP 
Evolution Equations in Next-to-Leading Order 
 
 
  Here we present our solutions of spin-dependent DGLAP evolution 
equations for singlet, non-singlet and gluon structure functions at low-x in NLO 
considering Regge behaviour of spin-dependent structure functions. We solved 
each equation for singlet, non-singlet and gluon structure functions and also the 
coupled equations for singlet and gluon structure functions. The evolutions of 
deuteron, proton and neutron structure functions thus obtained have been 
compared with SLAC-E-154, SLAC-E-143 and SMC collaborations data sets. 
And the evolution of gluon structure function has been compared with the 
result obtained by numerical method.  
 
 
7.1 Theory 
 
 The spin-dependent DGLAP evolution equations for singlet, non-singlet 
and gluon structure functions [104, 105] in NLO are respectively 
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 and 
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where the equations in LO are as given in chapter 6 (equations 6.1, 6.2 and 6.3) 
and the NLO contributions are given as [117-119, 105]  
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where f(ω) comes from the unpolarized NLO splitting functions (as given in 
Chapter 4), 
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 Applying Regge behaviour of spin-dependent structure functions and the 
relation between spin-dependent singlet and gluon structure functions as given 
in Chapter 6 (equations (6.7) to (6.9) and equation (6.13)), we get the solution of 
DGLAP evolution equations for spin-dependent singlet, non-singlet and gluon 
structure functions in NLO respectively as  
( ) ( )xJS1 tCtx,g 4= ,                                                                                                         (7.4)  
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( ) ( )xJNS1 tCtx,g 5=                                                                                                         (7.5) 
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( ) ( )xJtCtx,G 6=Δ ,                                                                                                       (7.6) 
where C is a constant of integration, 
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 Similarly as in the spin-independent case, here also for possible solutions 
in NLO, For possible solutions in NLO, we have taken ( ) ⎟⎟⎠
⎞⎜⎜⎝
⎛=
2π
(t)sαtT and the 
expression for T(t) upto LO correction with the assumption ( ) T(t)0Tt2T =  [52, 65, 
90], where T0 is a numerical parameter. But T0 is not arbitrary. We choose T0 
such that difference between T2(t) and T0 T(t) is minimum (Figure 7.1).  
 
 Applying initial conditions at 0tt = , ( ) ( )0S1S1 tx,gtx,g =  and 
( ) ( )0NS1NS1 tx,gtx,g = , and at 0xx = , ( ) ( )t,xgtx,g 0S1S1 =  and 
( ) ( )t,xgtx,g 0NS1NS1 = , The t and x-evolution equations of spin-dependent singlet 
and non-singlet structure functions corresponding to equations (7.4) to (7.5) are 
respectively   
( ) ( )
( )xJ
0
0
S
1
S
1 t
ttx,gtx,g
4
⎟⎟⎠
⎞
⎜⎜⎝
⎛= ,                                                                                         (7.7) 
( ) ( ) ( ) ( ){ }044 xJxJ0S1S1 tt,xgtx,g −= ,                                                                      (7.8) 
( ) ( )
( )xJ
0
0
NS
1
NS
1 t
ttx,gtx,g
5
⎟⎟⎠
⎞
⎜⎜⎝
⎛=                                                                                         (7.9) 
and 
( ) ( ) ( ) ( ){ }055 xJxJ0NS1NS1 tt,xgtx,g −= .                                                                  (7.10) 
 
 Using equations (7.7), (7.8), (7.9), and (7.10) as before we get the t and x-
evolution equations of spin-dependent deuteron, proton and neutron structure 
functions in NLO as 
( ) ( )
( )xJ
0
0
d
1
d
1 t
ttx,gtx,g
4
⎟⎟⎠
⎞
⎜⎜⎝
⎛=  ,                                                                              (7.11) 
( ) ( ) ( ) ( ){ }044 xJxJ0d1d1 tt,xgtx,g −= ,                                                                          (7.12) 
( ) ( ) ⎟⎟⎠
⎞
⎜⎜⎝
⎛
+
+= (x)J
0
(x))J
0
(x)J(x)J
0
p
1
p
1
45
45
5t3t
5t3ttx,gtx,g ,                                                                   (7.13)   
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( ) ( ) ( ) ⎟⎟⎠
⎞
⎜⎜⎝
⎛
+
+= )(xJ)(xJ
xJ(x)J
0
p
1
p
1 0405
45
5t3t
5t3tt,xgtx,g ,                                                                    (7.14)   
( ) ( ) ⎟⎟⎠
⎞
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⎛= (x))J
0
(x)J
0
(x)J(x)J
0
n
1
n
1
54
54
3t-5t
3t-5ttx,gtx,g                                                                        (7.15)   
and 
( ) ( ) ( ) .
3t-5t
3t-5tt,xgtx,g )(xJ)(xJ
(x)JxJ
0
n
1
n
1 0504
54
⎟⎟⎠
⎞
⎜⎜⎝
⎛=                                                                      (7.16)   
Here ( ) ( ) ( ) ( ) ( ) ( )t,xgandt,xgt,xgtx,gtx,gtx,g 0n10p10d10n10p10d1 ,,,,  are the 
values of the spin-dependent structure functions ( ) ( ) ( )tx,gandtx,gtx,g n1p1d1 ,  at 
0tt = and 0xx = respectively. 
 
 Similarly the t and x-evolutions of spin-dependent gluon structure 
functions in NLO at low-x are given as 
( ) ( )
( )xJ
0
0 t
ttx,Gtx,G
6
⎟⎟⎠
⎞
⎜⎜⎝
⎛Δ=Δ                                                                                         (7.17) 
and 
( ) ( ) ( ) ( ){ }0660 xJxJtt,xGt,xG −Δ=Δ .                                                                            (7.18) 
 
 Now ignoring the quark contribution to the spin-dependent gluon 
structure function and pursuing the same procedure as in Chapter 6, we get the 
t and x-evolution equations for the spin-dependent gluon structure function 
ignoring the quark contribution in NLO at low-x respectively as   
(x)B
0
0
4
t
t)tG(x,t)G(x, ⎟⎟⎠
⎞
⎜⎜⎝
⎛=                                                                                          (7.19) 
and 
( ) ( ) { })(xB(x)B0 044tt,xGtx,G −= ,                                                                                   (7.20) 
where 
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2
0T(x)23.fβ
2xB
00
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116xf , 
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( ) ( ) ( ) ( ) .dωωωΔPdωωΔP1x
1
x
βS
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1
0
S
gg
Gxf ∫∫ +−=24  
 
 We get the solution of the coupled DGLAP evolution equations for spin-
dependent singlet and gluon structure functions in NLO at low-x, respectively 
as [Appendix C] 
( ) ( )87 ggS1 ttCtx,g +=                                                                                              (7.21) 
and 
)tFtC(Ft)G(x, 87 g8
g
7 +=Δ ,                                                                                      (7.22) 
where   ( ) ( )
2
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g 4
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2
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g 4
2
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8
−−= ,   u4 = 1-P4-S4, 
v4 = S4.P4-Q4.R4, F7 = (g7-P4)/Q4, F8 = (g8-P4)/Q4, 
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⎧
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0 1
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gg dPdPxT G
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 Then we find the t and x-evolution equations for the spin-dependent 
singlet and gluon structure functions in NLO respectively as   
( ) ( ) ⎟⎟⎠
⎞
⎜⎜⎝
⎛
+
+=
87
87
g
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0
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1
S
1 tt
tttx,gtx,g ,                                                                                                                        (7.23) 
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and 
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8070
87
g
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g
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g
8
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7
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tFtF
tFtFt,xGtx,G ,                                                                    (7.26) 
where 80708070 FandF,g,g  are the values of 8787 FandF,g,g at 0xx = .  The t 
and x-evolution equations of spin-dependent deuteron structure function from 
equations (7.23) and (7.24) are respectively   
( ) ( ) ⎟⎟⎠
⎞
⎜⎜⎝
⎛
+
+=
87
87
g
0
g
0
gg
0
d
1
d
1 tt
tttx,gtx,g ,                                                                                                                           (7.27) 
and 
( ) ( ) ⎟⎟⎠
⎞
⎜⎜⎝
⎛
+
+=
8070
87
gg
gg
0
d
1
d
1 tt
ttt,xgtx,g . 
                                                                             (7.28) 
 
7.2 Results and Discussion 
  
 In this chapter, we have compared the results of t and x-evolutions of 
spin-dependent deuteron, proton and neutron structure functions in NLO with 
different experimental data sets measured by the SLAC-E-143 [114], SLAC-E-154 
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[115] and SMC [116] collaborations and the result of x-evolution of spin-
dependent gluon structure function in NLO with the graph obtained by 
numerical method [111].  
 
 Each graph representing ‘our result’ is the best fit graph of our work with 
the experimental data sets and numerical method. Data points from 
experimental data sets, at lowest-Q2 values are taken as input to test the t-
evolution equations of the results and at x <0.1 is taken as input to test the x-
evolution equations of the results. Similarly as given in Chapter 6, we compared 
the results for K(x) = axb and cedx, where a, b, c and d are constants. As K(x) is a 
function of x only, in our work the t-evolution of deuteron, proton and neutron 
structure functions do not show significant change with the variation of the 
form of K(x). Here we have presented the result of t-evolution of spin-
dependent deuteron, proton and neutron structure functions for K(x) = axb. For 
x-evolution of spin-dependent deuteron and gluon structure functions, we 
found the best fitted graphs correspond to K(x) = axb whereas in our work for x-
evolution of spin-dependent proton and neutron structure functions, we found 
the best fitted graphs correspond to K(x)=cedx. We have taken βS = βΝS = βG = β = 
0.5 in our calculation. Along with the NLO results we have also presented our 
LO results from Chapter 6.  
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In Figure 7.1 we have plotted T(t)2 and T0T(t) against Q2 in the Q2-range     0 ≤ 
Q2≤ 30 GeV2. Here we observe that for T0 = 0.108, errors become minimum in the 
range 0 ≤ Q2≤ 30 GeV2.  
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Figure 7.1: The variation of T(t)2 and T0T(t) with Q2. 
 
 
 Figure 7.2 represents the result of t-evolution of spin-dependent deuteron 
structure function in NLO from equation (7.11) with SLAC-E-143 data set.  The 
best fit result is found for a=1 and b= - 0.75. 
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β S=0.5, K(x)=axb, a=1, b=-0.75, t0=0.108
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Figure 7.2: t-evolution of spin-dependent deuteron structure function in 
NLO at low-x compared with SLAC-E-143 data set. Data are scaled up by 
+0.2i (i=0, 1, 2) starting from bottom graph. 
 
 Figure 7.3(a-b) represent the result of x-evolution of spin-dependent 
deuteron structure function in NLO from equation (7.12) with SLAC-E-143 and 
SMC collaborations data sets for representative values of Q2. Figure 7.3(a) 
represents the comparison of the result with SLAC-E-143 collaborations data set 
for Q2= 5 GeV2 and a=1 and b= - 0.72 correspond the best fit result. Figure 7.3(b) 
represent the comparison with SMC collaborations data set for Q2= 10 GeV2 and 
a=1 and b= - 0.4 correspond the best fit result.  
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(a) Q2=5 GeV2, βS=0.5,K(x)=axb, a=1, b=-0.72, T0=0.108
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(b) Q2=10 GeV2,βS=0.5, K(x)=axb, a=1, b=-0.4, T0=0.108
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Figure 7.3: x-evolution of spin-dependent deuteron structure function in 
NLO at low-x for the representative values of Q2 compared with SLAC-E-
143 and SMC collaborations data sets. 
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βS=βNS=0.5, K(x)=axb, a=1, b=-0.55, T0=0.108 
-0.1
0.1
0.3
0.5
0.7
0.9
1.1
1.3
1.5
1 2 3 4 5 6
Q2(GeV2)
g1
p (
x,
 Q
2 ) 
SLAC-E-143
Our Resutl(NLO)
Our Result(LO)
x=0.071
x=0.056
x=0.039
 
Figure 7.4: t-evolution of spin-dependent proton structure function in 
NLO at low-x compared with SLAC-E-143 experimental data points. Data 
are scaled up by +0.3i (i=0, 1, 2) starting from bottom graph. 
 
 Figure 7.4 represents the result of t-evolution of spin-dependent proton 
structure function in NLO from equation (7.13) with SLAC-E-143 data set and 
the best fit result is found for a=1 and b= - 0.55.  
  
 Figure 7.5(a-b) represent the result of x-evolution of spin-dependent 
proton structure function in NLO from equation (7.14) with SLAC-E-143 and 
SMC collaborations data sets. Figure 7.5(a) represents the comparison of our 
result with SLAC-E-143 collaborations data set for Q2= 5 GeV2. Figure 7.5(b) 
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shows the comparison with SMC collaborations data set for Q2= 10 GeV2. In 
both the cases, for c=6.5 and d= - 5 we get the best fit results.  
 
            
(a) Q2=5 Gev2, βS=βNS=0.5, K(x)=cedx,  c=6.5, d=- 5, T0=0.108 
0.15
0.25
0.35
0.45
0.55
0.65
0.75
0 0.05 0.1 0.15 0.2 0.25
x
g 1
p (
x,
 Q
2 )
SLAC-E-143
Our Result(NLO)
Our Result(LO)
                             
            
(b) Q2=10 GeV2, βS=βNS=0.5, K(x)=cedx,  c=6.5, d=- 5,T0=0.108 
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Figure 7.5: x-evolution of spin-dependent proton structure function in 
NLO at low-x for the representative values of Q2, compared with SLAC-
E-143 and SMC collaborations data sets. 
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 Figure 7.6 represents the result of t-evolution of spin-dependent neutron 
structure function in NLO from equation (7.15) with SLAC-E-143 data set and 
the best fit result is found for a=1 and b= - 0.42. 
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Figure 7.6: t-evolution of spin-dependent neutron structure function in 
NLO at low-x compared with SLAC-E-143 experimental data points. Data 
are scaled up by +0.3i (i=1, 4) starting from bottom graph. 
 
 Figure 7.7 (a-b) represent the result of x-evolution of spin-dependent 
neutron structure function in NLO from equation (7.16) with SLAC-E-154 and 
SLAC-E-143 collaborations data sets. Figure 7.7(a) represents the comparison of 
our result with SLAC-E-154 collaborations data set for Q2= 5 GeV2. Figure 7.7(b) 
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represents the comparison with SLAC-E-143 collaborations data set for Q2= 5 
GeV2. In both the cases, c=5 and d= - 5 correspond the best fit results.  
 
          
(a) Q2=5 GeV2, βS=βNS=0.5, K(x)=cedx,  c=5, d=- 5, T0=0.108 
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(b) Q2=5 Gev2, βS=βNS=0.5, K(x)=cedx,  c=5, d=- 5, T0=0.108 
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Figure 7.7: x-evolution of spin-dependent neutron structure function 
in NLO at low-x for the representative values of Q2 compared with SLAC-
E-154 and SLAC-E-143 collaborations data sets. 
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 Figure 7.8 represents the result of x-evolution of spin-dependent gluon 
structure function in NLO from equation (7.18) with the graph obtained by 
numerical method and a=0.01 and b= 0.003 correspond the best fit result.  
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Figure 7.8: x-evolution of spin-dependent gluon structure function in NLO 
at low-x for the representative values of Q2 compared with the graph 
obtained by numerical method. 
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 Figure 7.9 represents the result of t-evolution of deuteron structure 
function in NLO from equation (7.27) with SLAC-E-143 collaborations data set. 
The best fit graph of the result in NLO overlaps with the graph of the result in 
LO (from Chapter 6) for βS =βG =0.5 and T0=0.108. 
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Figure 7.9: t evolution of spin-dependent deuteron structure function in 
NLO at low-x compared with SLAC-E-143 collaborations data set. 
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7.3 Conclusion       
      
 In this chapter we have solved DGLAP evolution equations for singlet, 
non-singlet and gluon structure functions in NLO using Regge behaviour of 
spin-dependent structure functions. The results are in good consistency with 
SLAC-E-154, SLAC-E-143, SMC collaborations data sets and with the result 
obtained by solving unified evolution equation by numerical method especially 
at low-x and high-Q2 region. The x-evolution graphs for deuteron, proton and 
gluon structure functions in both LO and NLO are compared and for all of them 
NLO shows significantly better fitting to the data sets than that of in LO. So, 
NNLO corrections have significant effect and we cannot ignore the contribution 
of NNLO terms in our region of work i.e. in low-x and high Q2 region. Whereas 
the t-evolution graphs for deuteron and proton structure functions for both LO 
and NLO are almost same. □  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                
 166
 
     Chapter 8 
 
Conclusion 
   In this thesis we solved spin-independent DGLAP evolution 
equations upto next-next-to-leading order (NNLO) and spin-dependent DGLAP 
evolution equations upto next-to-leading order (NLO) by applying Regge 
behaviour of structure functions and obtained approximate solutions for both 
spin-independent and spin-dependent singlet, non-singlet and gluon structure 
functions. We derived t and x-evolutions of deuteron, proton, neutron and 
gluon structure functions and compared them with experimental data sets, 
parameterizations and result from numerical method with satisfactory 
phenomenological success. In all the results, from experiments, global fits or 
numerical method it is seen that, all the mentioned structure functions increase 
when x decreases for fixed values of Q2 and when Q2 increases for fixed values 
of x.  
  We have seen that our results of spin-independent deuteron and 
proton structure functions are in good agreement with NMC and E665 
collaborations data sets and the results of spin-independent gluon structure 
function are in good agreement with MRST2001, MRST2004, GRV1998NLO and 
GRV1998LO global parameterizations. Results of spin-dependent structure 
functions are also in good agreement with SLAC-E-154, SLAC-E-143, SMC 
collaborations data sets and with the curve obtained by solving unified 
evolution equation by numerical method especially at low-x and high-Q2 region. 
Again from our results of the best fitted graphs, it is clear that the deuteron, 
proton, neutron and gluon structure functions in NLO show significantly better 
fitting to the parameterizations than that of in LO. So, the higher order term in 
NLO has appreciable contribution in the low-x region to the parton distribution 
functions. In Chapter 5, we have seen that T1 is much smaller than T0, so, we 
expect NNLO contributions to the DGLAP evolution equations should be small. 
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But from the comparison of t-evolution graphs of our results for LO, NLO and 
NNLO, it is seen that NNLO corrections have significant effect. This indicates 
that we should not ignore the contribution of NNLO terms in our region of 
work i.e. in low-x and high Q2 region. Contributions from higher and higher 
orders to the DGLAP evolution equations will be smaller and smaller and 
ultimately leading to insignificant effect to the structure functions. It has been 
observed that in our x-Q2 region of discussion, quark contributes appreciably to 
gluon structure function. But we have not given the comparison here between 
the results with quarks and without quarks since the results without quarks are 
far from the data sets as well as the parametrizations graphs. Though we have 
derived t and x-evolutions for deuteron, proton, neutron and gluon structure 
functions in LO and NLO for both spin-independent and spin-dependent cases 
and in NNLO spin-independent case, we can not establish completely unique 
solutions because of the assumptions K(x), T0 and T1. We can get more accurate 
solutions of DGLAP evolution equations for both spin-independent and spin-
dependent cases if we solve the coupled equations for singlet and gluon 
structure functions since in that case we need not to consider the ad-hoc 
function K(x). By using Regge behaviour we tried and succeeded to solve 
coupled DGLAP evolution equations and finally overcome the problem of 
considering the function K(x). For simplified solutions of DGLAP evolution 
equations we have considered numerical variables T0 and T1, not arbitrarily. The 
values are chosen such that differences between T2(t) and T0 T(t)  and T3(t) and 
T1 T(t) are negligible.  
  In this thesis we have overcome the limitations that arise from 
Taylor series expansion method. Generally, the input x-distribution functions 
are taken arbitrarily whereas our analytical method of solution gives the x-
distribution directly from the solutions. The number of arbitrary parameters 
used for our method of solution is also less and the ranges of those values are 
also very narrow. Number of parameters is much less when we solved coupled 
evolution equations. So, we can conclude that Regge behaviour of structure 
functions can give the solution for DGLAP evolution equations in a simple 
manner which can be taken as simple alternative to all other methods.□ 
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A. Optical theorem 
 The scattering amplitudes are not directly measurable. What are actually 
determined in a scattering experiment are the momenta, energies and spin 
polarizations of all the n-particles which are produced in a given two particle 
collision 1+2→n. The scattering cross-section, tot12σ , for this process is defined as 
the total transfer rate per unit incident flux [41]. The total DIS cross-section for 
particles 1 and 2 is obtained over all possible final states containing different 
numbers of particles which is given as 
                                         .∑∞
=
→=
2n
n12
tot σσ 12  
And tot12σ satisfies a remarkable unitarity relation which is known as the Optical 
theorem. For a elastic scattering 1+2→1+2, this relation can be shown as 
                                    { }iAiIm
sq2
1
12s
=tot12σ  , 
where S12q  is the three momentum, equal but opposite for the two particles. 
 
B. Carlson’s theorem  
 More precisely Carlson’s theorem states that: if f(l) is regular and of the 
form ( )lke0 , where k<π, for Re{l}>N and f(l)=0 for an infinite sequence of 
integers, l=n, n+1, n+2,….., then f(l) =0 identically. Thus if we were to write 
                                          ( ) ( ) ( )tl,ftAtA FGll +=ℑ , 
where ( )tAFGl  is obtained from the Froissart-Gribov projection and f(l, t)=0 for 
integer l, the theorem tells us that either ( ) 0→ℑ tA l as ∞→l  or f(l, t) vanishes 
everywhere [41]. 
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C. Solution of simultaneous linear ordinary differential equations 
 Let us consider the partial differential equations of A(x, t) and B(x, t) 
given as [69] 
0t) Q.B(x,t)P.A(x,
t
t)A(x,t. =−−∂
∂                                                                          (1) 
and 
0t) S.B(x,t)R.A(x,-
t
t) B(x,t. =−∂
∂ ,                                                                        (2) 
where A(x, t) and B(x, t) are functions of x and t. For a constant value of x, the 
equations are simultaneous linear ordinary differential equations in A(x, t) and 
B(x, t). Differentiating equation (1) with respect to t we get 
0
dt
t)dB(x,Q
dt
t)dA(x,P
dt
t)dA(x,
dt
t)A(x,dt 2
2
=−−+ .  
Multiplying this equation by t we get 
0
dt
t)dB(x,Q.t
dt
t)dA(x,P.t
dt
t)dA(x,t
dt
t)A(x,dt 2
2
2 =−−+ .                                       (3) 
Putting the value of 
dt
t)dB(x,t  from equation (2) in equation (3) we get 
0t))S.B(x,t)Q.(RA(x,
dt
t)dA(x,P.t
dt
t)dA(x,t
dt
t)A(x,dt 2
2
2 =+−−+ .                (4) 
Equation (1) gives ⎟⎠
⎞⎜⎝
⎛ −= t)P.A(x,
dt
t)dA(x,t
Q
1t)B(x, .                                           (5) 
From equations (4) and (5) we have 
0t)S.P.A(x,
dt
t)dA(x,S.t.t)Q.R.A(x,
dt
t)dA(x,P).t(1
dt
t)A(x,dt 2
2
2 =−−−−+ . 
Therefore,  
( ) 0t).A(x,Q.RS.P
dt
t)dA(x,S).t-P(1
dt
t)A(x,dt 2
2
2 =−+−+ , 
or 
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0t)V.A(x,
dt
t)dA(x,U.t
dt
t)A(x,dt 2
2
2 =++ ,                                                                (6) 
where U=1-P-S and V=S.P-Q.R.  Putting t=eZ, 
t
1
dZ
t)dA(x,
e
1
dZ
t)dA(x,
dZ
dt
1
dZ
t)dA(x,
dt
dZ
dZ
t)dA(x,
dt
t)dA(x,
Z ==== , 
or  
dZ
d
dt
dt. or
dZ
t)dA(x,
dt
t)dA(x,
t. ≡= . 
Now, 
dt
t)dA(x,t
dt
t)A(x,dt
dt
t)dA(x,t.
dt
dt. 2
2
2 +=⎟⎠
⎞⎜⎝
⎛ . 
Therefore,
dZ
t)dA(x,
dZ
d
dt
t)dA(x,t.
dt
dt.
dt
t)dA(x,t..
dt
t)dA(x,t
dt
dt.
dt
t)A(x,d.t 2
2
2 ⎟⎠
⎞⎜⎝
⎛ −=⎟⎠
⎞⎜⎝
⎛ −=−⎟⎠
⎞⎜⎝
⎛= 11 . 
Let us replace d/dZ by D so that  
t)1).D.A(x,(D
dt
t)A(x,dt 2
2
2 −= . 
Therefore, equation (6) becomes 
( )( ) 0t).A(x,V.D1-UD2 =++ .                                                                                 (7) 
Let, mZet)A(x, =  be the solution of the equation (7). So we get 
0V1)m(Um2 =+−+ ,  
which gives  
2
4V1)(U1)(U
m
2 −−±−−= . 
Let us take 
1
2
g
2
4V1)(U1)(U =−−+−− and  2
2
g
2
4V1)(U1)(U =−−−−− . 
                
 178
So, the solution of the equation (7) is 
( ) ZZ 21 g2g1 eCeCtx,A += , where C1 and C2 are arbitrary constants, 
( ) 21 g2g1 tCtCtx,A +=⇒ .                                                                                       (8) 
Now, 
( ) 11 −− += 21 g22g11 .t.gC.t.gCdt
tx,dA . 
Putting the values of ( ) ( )tx,Aand
dt
tx,dA  in equation (1) we get 
( ) ( ) 0t)Q.B(x,tCtCP..t.gC.t.gCt. 2121 g2g11g221g11 =−+−+ −− . 
Solving for B(x, t) we get 
( ) 21 g22g11 tFCtFCtx,B += ,                                                                                       (9) 
where F1 = (g1-P)/Q and F2 = (g2-P)/Q. As C1 and C2 are only arbitrary constants, 
we can take C1=C2=C. Hence the forms of t) B(x,andt)A(x, become 
( ) ( )21 gg ttCtx,A +=                                                                                                   (10) 
and 
( ) ( )21 g2g1 tFtFCtx,B += .                                                                                          (11) 
Equations (10) and (11) give the solution of simultaneous linear ordinary 
differential equations (1) and (2).□ 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
